
Spectral kernels

Markus Heinonen, Research fellow
Aalto University, Finland

GPSS’21
13.9.2021



Gaussian processes

Bayesian non-parametric kernel model

Key idea: function prior f(x) ∼ GP(m(x),Kθ(x, x
′)) that encodes
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How to learn a kernel?

Choose prior with maximum volume of data-matching functions

log p(y|θ)︸ ︷︷ ︸
marginal log likelihood

=

∫
p(y|f)p(f |θ)df (1)

= −1

2
yT (Kθ + σ2I)−1y︸ ︷︷ ︸

data fit

−1

2
log |Kθ + σ2I|︸ ︷︷ ︸

model complexity

−N
2

log 2π (2)

Relatively robust against overfitting
Determinant: volume of space spanned by kernel
Finds a simple basis for the data
Overfitting still possible, if p(f) can be shaped to match p(y|f)

Powerful formalism to learn kernels
Replaces cross-validation
We can (auto)differentiate log p(y|θ) and optimise wrt θ
GPflow, GPyTorch, Stan, GaussianProcesses.jl, etc
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How to choose kernel?

Gaussian kernel Kg(x, x
′) = exp

(
− (x−x′)2

2`2

)
Periodic kernel Kcos(x, x

′) = exp
(
− 2 sin2(π|x−x′|/p

`2
)
)

Linear kernel Klin(x, x′) = xx′ + c

Composite kernel, eg K(x, x′) = Kg(x, x
′) +Klin(x, x′)

Our topic: Spectral kernels can learn arbitrary kernel function forms



Fourier transforms

Fourier transform S(ω) of a function f(x),

S(ω) =

∫ ∞
−∞

f(x)e−2πixωdx (3)

where

i is the imaginary number with i2 = −1 and i0 = 1
ω is a frequency

Inverse Fourier transform f(x) of spectral density S(ω),

f(x) =

∫ ∞
−∞

S(ω)e2πixωdω (4)

Euler’s identity helps compute Fouriers in practise

eix = cosx︸ ︷︷ ︸
real part

+ i sinx︸ ︷︷ ︸
imaginary part

(5)

where the complex part often cancels out

Hence,

e±2πixω = cos(2πxω)± i sin(2πxω) (6)
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Fourier duals for kernels

Let’s apply Fouriers to the kernel K(τ) := K(x, x′), where τ = x− x′ (instead of f(x))

Theorem (Bochner)

Any stationary kernel K : RD 7→ R and its spectral density S : RD 7→ R are Fourier duals

K(τ) =

∫ ∞
−∞

S(ω)e2πiω
T τdω (Inverse Fourier Transform)

S(ω) =

∫ ∞
−∞

K(τ)e−2πiωT τdτ. (Fourier Transform)

1 All stationary kernels have spectral density S(ω)
If someone gives you a kernel K(τ), we can solve what frequencies it considers by solving the FT
Spectral features are of theoretical interest

2 All spectral densities define a covariance function K(τ)
If someone gives you a spectral density S(ω), we can solve its similarity function (=kernel) by solving the IFT
If we change the spectral density, we get a new kernel
⇒ kernel learning
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Kernel sinusoid representation

Assume symmetric frequency distribution S(ω) = S(−ω)

Euler’s identity e±ix = cosx± i sinx
Sine identity sin(−x) = − sin(x)

Then we can solve the inverse Fourier as

K(τ) =

∫ ∞
−∞

S(ω)e2πiτωdω

=

∫ ∞
−∞

S(ω) cos(2πτω)dω +

∫ ∞
−∞

i · S(ω) sin(2πτω)dω

= ES(ω) cos(2πτω) +
∫ 0

−∞
i · S(ω) sin(2πτω)dω +

∫ ∞
0

i · S(ω) sin(2πτω)dω

= ES(ω) cos(2πτω) +
∫ ∞
0

iS(−ω) sin(2πτ(−ω))dω +

∫ ∞
0

iS(ω) sin(2πτω)dω

= ES(ω) cos(2πτω) +
∫ ∞
0
−iS(ω) sin(2πτω)dω +

∫ ∞
0

iS(ω) sin(2πτω)dω

= ES(ω) cos(2πτω)

All stationary kernels are linear S(ω)-combinations of cos(2πτω)
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Kernel sinusoid representation

Our new general kernel definition

K(τ) = ES(ω) cos(2πτω) (7)

Frequency ω is inverse of period 1/ω

Amplitude S(ω)

Frequencies are symmetric S(ω) = S(−ω)

With S(ω) = δ1/15(ω), the kernel becomes K(τ) = cos(2πτ 1
15

)
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Gaussian kernel sinusoids

Gaussian kernel KSE(τ) = exp(−τ2/`2) fourier representation

SSE(ω) =

∫ ∞
−∞

KSE(τ)e−2πiωT τdτ (8)

= 2π`2 exp(−2π2`2ω2) (9)

KSE(τ) =

∫ ∞
0

SSE(ω)︸ ︷︷ ︸
amplitudes

· cos(2πτω)︸ ︷︷ ︸
sinusoids

dω (10)

≈
∑
ω

SSE(ω) · cos(2πτω) (11)
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Some spectral densities

Kgauss(τ) = exp(−τ
2

`2
) Sgauss(ω) =

√
`

2
√
π

exp(−`ω2/4) (16)

Kexp(τ) = exp(−|τ |/`) Sexp(ω) = 1/(π/`+ π`ω2) (17)

Ktri(τ) = 0.5(1− |τ |)+ Stri(ω) = (1− cosω)/(πω2) (18)
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Can we construct new kernels from custom spectral densities?



Sparse Spectrum (SS) kernel1

Define Q real frequencies (ω1, . . . , ωQ)T ∈ RQ with Fourier dual

S(ω) :=
1

Q

Q∑
i=1

δ(ω = ωi) (19)

IFT
==⇒ K(τ) =

1

Q

Q∑
i=1

cos(2πτωi) (20)

No decay, prone to overfitting

1Lazaro-Gredilla et al (JMLR 2010) Sparse spectrum gaussian process regression
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Spectral Mixture (SM) kernel2

Define mixture of Q Gaussians {aiN (µi, σ
2
i )}Qi=1

S(ω) :=

Q∑
i=1

aiN (ω|µi, σ2
i ) (21)

IFT
==⇒ K(τ) =

∫ ∞
−∞

S(ω) cos(2πτω)dω (22)

=

Q∑
i=1

ai exp(−2π2σ2
i τ

2)︸ ︷︷ ︸
smooth decay

cos(2πτµi)︸ ︷︷ ︸
periodic

(23)

Dense in the set of stationary kernels ⇒ can generate any stationary kernel

2Wilson, Adams (ICML 2013) Gaussian process kernels for pattern discovery and extrapolation



Spectral Mixture (SM) kernel

Approximate gaussian kernel with SM kernel with Q = 5 components, i.e.

Q∑
i=1

ai exp(−2π2σ2
i τ

2) cos(2πτµi) ≈ exp

(
− (x− x′)2

2`2

)
for appropriate {ai, µi, σi}
(Doable with Q = 1 as well)



Spectral kernels

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 2: (a)-(d): Examples of kernel matrices on inputs x 2 [�1, 1] for a Gaussian kernel (a), sparse
spectrum kernel [13] (b), spectral mixture kernel [28] (c), and for the GSM kernel (d). (e)-(h): The
corresponding generalised spectral density surfaces of the four kernels. (i)-(l): The corresponding
spectrograms, that is, input-dependent frequency amplitudes. The GSM kernel is highlighted with a
spectrogram mixture of Q = 2 Gaussian process surface functions.

the frequencies µ(x), µ(x0) and frequency lengthscales `(x), `(x0) associated with both inputs. The
GSM kernel encodes the spectrogram surface mixture into a relatively simple kernel. The kernel
reduces to the stationary Spectral Mixture (SM) kernel [28] with constant functions wi(x) = wi,
µi(x) = µi and `i(x) = 1/(2⇡�i) (see the appendix).

We have presented the proposed kernel (7) for univariate inputs for simplicity. The kernel can be
extended to multivariate inputs in a straightforward manner using the generalised Fourier transform
with vector-valued inputs [2, 10]. However, since in many applications multivariate inputs have a
grid-like structure, for instance in geostatistics, image analysis and temporal models. We exploit this
assumption and propose a multivariate extension that assumes the inputs to decompose across input
dimensions [1, 28]:

kGSM(x,x0|✓) =
PY

p=1

kGSM(xp, x
0
p|✓p) . (8)

Here x,x0 2 RP , ✓ = (✓1, . . . ,✓P ) collects the dimension-wise kernel parameters ✓p =

(wip, `ip, µip)
Q
i=1 of the N -dimensional realisations wip, `ip, µip 2 RN per dimension p. Then, the

kernel matrix can be expressed using Kronecker products as K✓ = K✓1
⌦ · · · ⌦K✓P

, while missing
values and data not on a regular grid can be handled with standard techniques [1, 21, 27].

3 Inference

We use the Gaussian process regression framework and assume a Gaussian likelihood over NP data
points (xj , yj)

NP

j=1 with all outputs collected into a vector y 2 RNP

,

yj = f(xj) + "j , "j ⇠ N (0, �2
n)

f(x) ⇠ GP(0, kGSM(x,x0|✓)), (9)

4

Image from Remes, Heinonen, Kaski: Non-stationary spectral kernels, NIPS’17



SM kernel inference

Optimize 3Q hyperparameters θ = {ai, µi, σi}Qi=1 of kernel
Kθ(x− x′) =

∑Q
i=1 ai exp(−2π2σi

2τ2) cos(2πτµi) by maximizing

log p(y|θ) = −1

2
yT (Kθ + σ2I)−1y︸ ︷︷ ︸

data fit

−1

2
log |Kθ + σ2I|︸ ︷︷ ︸

model complexity

−N
2

log 2π

After kernel is fixed, predictions have closed form

Results, CO2
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Image inpainting use case



Spatio-temporal temperatures

Land Surface Temperature Forecasting

I Train using 9 years of temperature data. First two rows are the last 12 months
of training data, last two rows is a 12 month ahead forecast. 300, 000 data
points, with 40% missing data (from ocean).

I Predictions using GPatt. Training time < 30 minutes.
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(a) Learned GPatt Kernel for Temperatures
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(b) Learned GP-SE Kernel for Temperatures

I The learned GPatt kernel tells us interesting properties of the data. In this case,
the learned kernels are heavy tailed and quasi-periodic.
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SM kernel induces only stationary covariances, but temperatures are non-stationary



Stationary kernels

Stationary kernels are translation-invariant:

K(x, x′) = K(x+ a, x′ + a) (24)

K(x, x′) = K(x− x′) (25)

for any a
Stationary kernels are function of vector distance x− x′
For instance if input variable is ‘age’ in years, then a stationary kernel has property K(1, 2) = K(80, 81)
Strange to assume that 1 and 2 year olds are as similar to each other as 80 and 81 year olds

Non-stationary kernel is not translation invariant, i.e. we can have K(1, 2) 6= K(80, 81)

Simplest non-stationary kernel is the dot product, K(x,x′) = xTx since

x = [1, 1]T , x′ = [2, 2], K(x,x′) = 1 · 2 + 1 · 2 = 4
x = [10, 10]T , x′ = [11, 11], K(x,x′) = 10 · 11 + 10 · 11 = 120



Problem with stationary functions
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Problem with stationary functions

time
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

va
lu

e
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

GP posterior

Data
Posterior mean
Posterior
Noisy posterior
True function

time
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

va
lu

e

0

0.05

0.1

0.15

0.2

0.25

0.3
Parameters

` lengthscale
<2 signal variance
!2 noise variance

Optimal Gaussian process fit

Bad fit in the beginning



Problem with stationary functions
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Let’s increase lengthscale to get smoother model

Initial fit fixed, now ill fit in the middle



Problem with stationary functions
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Let’s increase noise level to to match data

⇒ We need input-dependent parameters



Non-stationary Gaussian process3

The Gaussian kernel has a fixed, global lengthscale

K(x,x′) = exp

(
−||x− x′||2

2`2

)
(26)

Equally smooth functions everywhere

The non-stationary Gaussian kernel (‘Gibbs kernel’) admits a lengthscale function `(x)

K(x, x′) =

√
2`(x)`(x′)

`(x)2 + `(x′)2︸ ︷︷ ︸
normalizer

exp

(
− (x− x′)2

`(x)2 + `(x′)2

)
(27)

The multivariate Gibbs kernel, where Σi := Σ(xi) ∈ RD×D

K(xi,xj) = |Σi|1/4|Σj |1/4|(Σi + Σj)/2|−1/2 exp
(
−(xi − xj)

T ((Σi + Σj)/2)−1(xi − xj)
)

(28)

3Paciorek, Schervish (NIPS 2004): Nonstationary Covariance Functions for Gaussian Process Regression



Non-stationary solution4
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Function process

y(x) = f(x) + ε(x) (29)

f(x) ∼ GP(0, σ(x)σ(x′)K`(·)(x, x
′)) (30)

ε(x) ∼ N (0, ω(x)2) (31)

Parameter processes

`(x) ∼ GP(µ`,K`(x, x
′)) (32)

σ(x) ∼ GP(µσ,Kσ(x, x′)) (33)

ω(x) ∼ GP(µω,Kω(x, x′)) (34)

Kernel

K(x, x
′
) =

√
2`(x)`(x′)

`(x)2 + `(x′)2
exp

(
−

(x− x′)2

`(x)2 + `(x′)2

)
(35)

Explicit function representation through smoothness, scale
and noise functions

4Heinonen, Mannerström, Rousu, Kaski, Lähdesmäki (AISTATS 2016): Non-stationary Gaussian process regression with Hamiltonian
Monte Carlo



MCMC inference

Sample exact posterior with HMC5

p(f , `,σ,ω; y)

5Heinonen et al. Non-stationary Gaussian process regression with Hamiltonian Monte Carlo. AISTATS 2016



Generalised Spectral Mixture (GSM) kernel67

Non-stationary spectral kernel:

Kw,µ,σ(x, x′) ∝
Q∑
i=1

wi(x)wi(x
′) exp

(
− (x− x′)2

`i(x)2 + `i(x′)2)

)
︸ ︷︷ ︸

Exponential kernel

cos(2π(µi(x)x− µi(x′)x′))︸ ︷︷ ︸
periodic

with

logwi(x) ∼ GP(0,Kw) (36)

logµi(x) ∼ GP(0,Kµ) (37)

log `i(x) ∼ GP(0,Kσ) (38)

Remes Heinonen Kaski
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Figure 4: (a) A simulated time series with a single decreasing frequency component and a
GP fitted using a GSM kernel. (b) The learned kernel shows that close to x = �1

the signal is highly correlated and anti-correlated with close time points, while
these periodic dependencies vanish when moving towards x = 1. For visualisation,
the values are scaled as K = (K)

p|K|. (c) The spectrogram shows the decreasing
frequency. (d) The learned latent frequency function µ(x) correctly finds the
decreasing trend. The length-scale `(x) is almost a constant, and weights w(x)
slightly decrease in time.

8.1. Simulated time series with a decreasing frequency component

First we experiment whether the GSM kernel can find a simulated time-varying frequency
pattern. We simulated a dataset where the frequency of the signal changes deterministically
as µ(x) = 1 + (1 � x)2 on the interval x 2 [�1, 1]. We built a single-component GSM
kernel K using the specified functions µ(x), `(x) = ` = exp(�1) and w(x) = w = 1. We
sampled a noisy function y ⇠ N (0,K + �2

n

I) with a noise variance �2
n

= 0.1. The example
in Figure 4 shows the learned GSM kernel, as well as the data and the function posterior
f(x). For this 1D case, we also employed the empirical spectrogram for initialising the
hyperparameter values. The kernel correctly captures the increasing frequency towards
negative values (towards left in Figure 4a).

8.2. Image data

We applied our kernel to two texture images. The first image of a sheet of metal represents
a mostly stationary periodic pattern. The second, a wood texture, represents an example

12

6Remes, Heinonen, Kaski (NIPS 2017): Non-stationary spectral kernels
7Shen, Heinonen, Kaski (AISTATS 2019): Harmonizable mixture kernels with variational Fourier features



Unified theory on spectral kernels

A Gaussian process can be represented as a convolution over x,u ∈ X ,

f(xi) =

∫
Kxi(u)g(u)du (39)

Feature map Kxi
White noise process g(u) ∼ GP(0, δx=x′ )

The kernel becomes8

C(xi,xj) =

∫
Kxi(u)Kxj (u)du (40)

where K is complex conjugate

8Shen, Heinonen, Kaski (AISTATS 2020): Learning spectrograms with convolutional spectral kernels



Convolutional kernel family9

Gaussian kernel

Kxi(u) ∝ N (u|xi,Σ) (41)

A non-stationary Gaussian kernel

Kxi(u) ∝ N (u|xi,Σ(xi)) (42)

Spectral mixture kernel

Kxi(u) ∝ N (u|xi + iµ,Σ) (43)

Non-stationary spectral mixture kernel

Kxi(u) ∝ N (u|xi + iµ(xi),Σ(xi)) (44)

Input-dependent frequencies µi
Input-dependent Gaussian covariance Σi

9Shen, Heinonen, Kaski (AISTATS 2020): Learning spectrograms with convolutional spectral kernels



Convolutional spectral kernel

We parameterise frequencies with
smooth GP’s and learn point
estimates,

wq(·) ∼ GP(cw, kSE(·, ·))
logitµq(·) ∼ GP(cµ, kSE(·, ·))

(Λq)1/2(·) ∼ GP(cλ, kSE(·, ·))
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Spatial interpolation with non-stationary spectral kernel

The non-stationary spectral kernel family is extremely flexible



How to learn an overly flexible kernel?

Marginal log likelihood matches likelihood p(y|f) and prior p(f |θ)

log p(y|θ) = log

∫
p(y|f)p(f |θ)df (45)

= logEp(f)p(y|f) (46)

Risk overfitting if p(f) ≈ p(y|f) is possible
Consider function space that only contains training-data like functions

Remedies
MCMC sampling of p(y|θ)
Hyperpriors p(θ)



Summary

The kernel choice defines how well the GP performs

Gaussian kernel is a convenient ‘default’ kernel that can interpolate well
Advantage: simple, efficient, easy-to-learn, universal
Disadvantage: cannot fit periodic, ”long-range” or non-stationary signals

Spectral kernels can extrapolate repeating patterns
Advantage: can learn arbitrary periodic or non-periodic stationary patterns
Disadvantage: slow, possibility to overfit

Non-stationary spectral kernels can learn adaptive interpolations
Advantage: can learn evolving frequencies
Disadvantage: slow, more possibilities to overfit

Thanks!



Appendix



Convolutional spectral kernel

Convolutional spectral kernel (CSK) with Gaussian/periodic feature map

Kxi(u) =

Q∑
q=1

wqi exp(−2π2Sqi + 2πiθqi ) ∼
Q∑
q=1

N (iµi,Σi) (47)

where Sqi = (xi − u)TΛq
i (xi − u) and θqi = 〈µqi ,xi − u〉

The kernel can be solved with Σi = Λ−1
i

k(xi,xj) =

∫
RD

Kxi(u)Kxj (u)du (48)

=

Q∑
q,p=1

wpiw
q
j

(2π)D/2|Λp
i + Λq

j |1/2
exp(−π2Spqij + 2πiθpqij −R

pq
ij ) (49)

where

Rpqij = (µpi − µ
q
j)
T ((Λp

i + Λq
j)/2)−1(µpi − µ

q
j) (50)

Spqij = (xi − xj)
T ((Σp

i + Σq
j)/2)−1(xi − xj) (51)

θpqij = 〈Λp
i (Λ

p
i + Λq

j)
−1µpi + Λq

j(Λ
p
i + Λq

j)
−1µqj ,xi − xj〉 (52)


