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This talk

What: A one-hour crash course on MOGPs

How:
I Motivation: why do we need jointly processing time series?
I What is an MOGP?
I Building the covariance function
I Examples
I Demo
I Discussion

A personal note: How did I end up working with GPs?

2010: BSC / MSc (Electrical Enginnering, Control Systems, Particle Filters)
2014: PhD (Signal Processing, Adaptive Filters, Kernel Metods)

2015: Postdoc (Machine Learning, GPs)
2016-2020: Research Fellow (Maths, GPs & Spectrum estimation, apps)

2021: Lecturer (Data & AI, GPs, Optimal Transport, applications)
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The need for multivariate processing

Shared sources of uncertainty

Left: EMOTIV EPOC+, https://lucid.me/blog/wed-love-try-emotiv-epoc/

Right: Xun, G., Jia, X. & Zhang, A. Detecting epileptic seizures with electroencephalogram via a context-learning model. BMC Med Inform
Decis Mak 16, 70 (2016)
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The need for multivariate processing
Shared sources of uncertainty

Left: The Charging Bull. Copyright Andrew Henkel-
man (photo) & Arturo Di Modica (sculpture) https://upload
.wikimedia.org/wikipedia/en/c/c9/Charging_Bull_statue.jpg

Right: Dolar and three change rates. Own work, data
form Banco Central de Chile

Yen/Dolar

Euro/Dolar

Dolar

British Pound/Dolar
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The need for multivariate processing
Relationship across measurements

Top: Caterpillar 797 (20 cylinder, 4 turbo,
4000 hp, 400-ton payload). Mina Radomiro
Tomic & Radio Cooperativa

Bottom: From project with PSInet-CMM-
Codelco
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The need for multivariate processing
Only some channels are observed at some locations (incomplete measurements)

Left: 2018zd Super nova (colour composition form Observatorio Las
Cumbres and Hubble Telescope, white point) and host galaxy NGC 2146
(left).

Right: Light curve fluxes at different bands. From Förster. et al. The
delay of shock breakout due to circumstellar material evident in most
type II supernovae. Nature Astronomy 2, 808–818 (2018).
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Gaussian processes
a 1-slide reminder

Definition: A GP is a stochastic process such that any finite collection of values follows a multivariate
normal distribution.
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[y1, . . . , yN ]
>

︸ ︷︷ ︸ ∼ N (m(x), K(x))

Notation: f ∼ GP (µ,K)⇐⇒ f(x) ∼ N (m(x),K(x,x)), ∀x ∈ Xn, n ∈ N
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MOGPs
Attempt of a definition

Definition: An MOGP is a vector-valued stochastic process such that any finite collection of values
vectors follow a multivariate normal distribution.
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MVN
However, due to the marginalisation
property of the MVN, vectors need not
be chosen in full. Therefore:

Definition: An MOGP is a vector-
valued stochastic process such that
any finite collection of values,
chosen from any channel at any time,
follow a multivariate normal distribution.
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How do we specify the covariance of an MOGP?
Let us introduce some notation:
I Input space: X (usually R but in general Rn)
I GP: f = [f1, f2, . . . , fm]> ∼MOGP(µ,K)
I Number of channels = m

An MOGP is specified by its covariance function which is a four-way array:

K : {1, 2, . . . , n}2 ×X 2 → R

(i, j, x, x′) 7→ Kij(x, x′),

meaning that for a pair of values fi(x) and fj(x′), we have V(fi(x), fj(x′)) = Kij(x, x′).

Definition

A two-input matrix-valued function K(x, x′) : X × X → R
m×m defined element-wise by

[K(x, x′)]ij = kij(x, x′) is a multivariate covariance function (kernel) if it is:
I Symmetric, i.e., K(x, x′) = K(x′, x)>, ∀x, x′ ∈ X , and
I Positive definite, i.e., ∀N ∈ N, {cp}Np=1 ⊆ Rm, {xp}Np=1 ⊆ X , we have:

m∑
i,j=1

N∑
p,q=1

cpicqjkij(xp, xq) ≥ 0.

11 / 31



Multioutput Covariance
A few observations

Visualisation: The 4-way array can be shown
by slicing, that is, we slice the covariance over its
countable dimensions (channels) and show each slice.

Parametrisation: This is the tricky part. In
the sliced representation the covariance is not
continuous, since it has channel jumps. That makes
parametrisation quite difficult.

Stacked representation: This covariance corre-
sponds to the concatenation of all datapoints stacked,
where one loses channel information. That is useful
for coding and also for understanding the definition
of positive semidefiniteness via index reshaping.
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The Assumption of Stationarity
From 4D to 3D

Recall that a covariance is stationary iff

K(x, x′) = K(x− x′).

This condition, for MOGPs, turns into

Ki,j(x, x′) = Ki,j(x− x′), ∀i, j = 1, . . . ,m.

We’ve got one fewer dimension!

(This might sound like it isn’t much, but it’ll
allow for the design of vector-valued covariance
kernels via direct parametrisation)
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Under the stationarity assumption, we work with this neat 3D representation
(also assume 1-dimensional time)
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How to design the kernel?

Challenge: Due to the positive semidefiniteness condition, designing MOGP ker-
nels via direct parametrisation is tough if one aim to move from the trivial choices.

I We want kernels to be as expressive as possible
I Hopefully all structure is discovered (we want to be agnostic)
I Kernel parametrisation are constrained in a very (parameter-wise) unintuitive way

Let us start with something simple
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MOGP design, first chapter: Induced kernels

Bypass covariance parametrisation by mixing independent GPs.

where [θ]ij denotes the weight between input node i and output node j.
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Induced kernels: general form

Denote:
I θ the weights
I g = [g1, g2, . . . , gn]
I f = [f1, f2, . . . , fm]

We have that f = θ>g (or fj = θ>j g) and thus

E(f) = θ> E(f) = θ>µ

V(f(x), f(x′)) = V(θ>g(x), θ>g(x′))

= θ> V(g(x), g(x′))θ

=
Q∑
q=1

θqθ
>
q Kq(x− x′)
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Particular cases of MOGP kernels induced by linear mixing

I The Linear Model of Corregionalisation1
Assumption: some of the Q latent GPs, though independent, share the same covariance. Grouping
GPs with common covariance, the kernel is

V(f(x), f(x′)) =
Q∑
q=1

Rq∑
r=1

θ(r)
q θ(r)>

q︸ ︷︷ ︸
Cq

Kq(x− x′), (0.1)

where θ(r)
q is the vector of weights associated to the r-th member of the q-th group of inputs. The

matrices Cq, q ∈ {1, 2, . . . ,m}, are called the corregionalisation matrices
I The Intrinsic Model of Corregionalisation IMC2

Assumption: All kernels are equal (Q = 1 above)
I The Semiparametric Latent Factor Model 3

Assumption: The weights θ are free

1A. G. Journel and C. J. Huijbregts. Mining Geostatistics. Academic Press, London, 1978.
2P. Goovaerts. Geostatistics For Natural Resources Evaluation. Oxford University Press, USA, 1997.
3Y. W. Teh, M. Seeger, and M. I. Jordan. Semiparametric latent factor models. AISTATS, pp. 333–340, 2005.
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A drawback of the above construction
solved via moving averages
The mixing model above is instantaneous meaning that the output at x :
I K(x, x′) only depends on Kq(x, x′) (∀q)
I all temporal structure in f is given by that of g and the mixture only introduces channel correlations.
I kernels are separable, i.e., Ki,j(x, x′) = Bi,jK(x, x′)
I f(x) is conditionally independent of its future and its past given g(x)

Fix: Let us consider a more general linear operator

K(fi(x), fj(x′)) =
∑
q

∫ ∫
θiq(x− z)θjq(x′ − z′)Kq(z, z′)dzdz′

Warning 1: For the convolution to converge, the kernel has to be square integrable (one particular case are
kernels with compact support). Warning 2: Causal vs non-Causal models.
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Models based on the convolution construction

Though the convolution might sound a
bit hard to grasp or implement, there are
certain families of windows and driving
noises that have explicit forms and/or
interpretations.

For instance:

latent source convolution filter

induced kernel

output

I the driving process is white noise4

I if θiq(x− z) and Kq(z, z′) are SE5, then K(fi(x), fj(x′)) is SE as well.
I θ is a draw from a GP: scalar case6 and extensions7

4P. Boyle and M. Frean. Dependent Gaussian processes. NeurIPS 2005.
5M. A. Álvarez and N. D. Lawrence. Sparse convolved Gaussian processes for multi-output regression. NeurIPS 2009.
6F. Tobar, T. Bui, and R. Turner. Learning stationary time series using GPs with nonparametric kernels. NeurIPS 2015.
7W. Bruinsma, The Generalised Gaussian Process Convolution Model, 2006 (Masters thesis)
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MOGP design, second chapter: spectral parametrisation
Idea: Use an unconstrained representation of MO kernel and then transform it -
a sort of reparametrisation trick.

This can be implemented by the spectral mixture kernel, which parametrises the
Fourier power spectral density of the kernel by a Gaussian mixture. Then, the
kernel is given by the anti-Fourier transform of such mixture,

For the scalar case, this looks like8

frequency space input space

8A. Wilson and R. Adams, “Gaussian process kernels for pattern discovery and extrapolation,” ICML, 2013.
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The Multioutput Spectral Mixture Kernel (1)

Theorem (Cramér’s theorem simplified)

A family {kij(τ)}mi,j=1 of integrable functions are the covariance functions of a weakly-stationary
multivariate stochastic process if and only if they (i) admit the representation

kij(τ) =
∫
Rn

eιω
>τ Sij(ω)dω ∀i, j ∈ {1, . . . ,m}

where each Sij is an integrable complex-valued function Sij : Rn → C known as the spectral density
associated to the function kij(τ), and (ii) fulfil the positive definiteness condition

m∑
i,j=1

zizjSij(ω) ≥ 0 ∀{z1, . . . , zm} ⊂ C, ω ∈ Rn
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The Multioutput Spectral Mixture Kernel (2)

Theorem (Cramér’s theorem illustrated)
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The kernel needs "3D" positive definiteness while the power spectrum only needs 2D positive definiteness
(since the condition along the third dimension is guaranteed by the anti-Fourier transform)
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The Multioutput Spectral Mixture Kernel (3)
MOSM bypasses the task of building a 3D pos def function by a set 2D PD matrices (via Cholesky):

F�1⌦
K(⌧) = [kij(⌧)]mi,j=1
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S(⇠) = [Sij(⇠)]
m
i,j=1
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R(⇠) = [Ri(⇠)]
m
i=1<latexit sha1_base64="zd37T0D4ydnNw+lqWUX9GLV1Q4o=">AAACBHicbZDLSsNAFIZPvNZ6i7p0M1qEuimJCLopFARxWYu9QBrLZDpph04uzEzEEgKu9GV0JerOJ/AFfBunl4W2ntV3zv8vzv97MWdSWda3sbC4tLyymlvLr29sbm2bO7sNGSWC0DqJeCRaHpaUs5DWFVOctmJBceBx2vQGFyO9eUeFZFF4o4YxdQPcC5nPCFb61DEPasX2PTtGZQfVOinLJpursWxnt2mQoY5ZsErWeNA82FMowHSqHfOr3Y1IEtBQEY6ldGwrVm6KhWKE0yzfTiSNMRngHnU0hjig0k3HUTJ05EcCqT5F4/23N8WBlMPA054Aq76c1UbH/zQnUf65m7IwThQNibZozU84UhEaNYK6TFCi+FADJoLpLxHpY4GJ0r3ldXx7Nuw8NE5KtlWyr08LlcuHSRE52IdDKIINZ1CBK6hCHQg8wQu8w4fxaDwbr8bbxLpgTMvbgz9jfP4AUyWW9A==</latexit><latexit sha1_base64="zd37T0D4ydnNw+lqWUX9GLV1Q4o=">AAACBHicbZDLSsNAFIZPvNZ6i7p0M1qEuimJCLopFARxWYu9QBrLZDpph04uzEzEEgKu9GV0JerOJ/AFfBunl4W2ntV3zv8vzv97MWdSWda3sbC4tLyymlvLr29sbm2bO7sNGSWC0DqJeCRaHpaUs5DWFVOctmJBceBx2vQGFyO9eUeFZFF4o4YxdQPcC5nPCFb61DEPasX2PTtGZQfVOinLJpursWxnt2mQoY5ZsErWeNA82FMowHSqHfOr3Y1IEtBQEY6ldGwrVm6KhWKE0yzfTiSNMRngHnU0hjig0k3HUTJ05EcCqT5F4/23N8WBlMPA054Aq76c1UbH/zQnUf65m7IwThQNibZozU84UhEaNYK6TFCi+FADJoLpLxHpY4GJ0r3ldXx7Nuw8NE5KtlWyr08LlcuHSRE52IdDKIINZ1CBK6hCHQg8wQu8w4fxaDwbr8bbxLpgTMvbgz9jfP4AUyWW9A==</latexit><latexit sha1_base64="zd37T0D4ydnNw+lqWUX9GLV1Q4o=">AAACBHicbZDLSsNAFIZPvNZ6i7p0M1qEuimJCLopFARxWYu9QBrLZDpph04uzEzEEgKu9GV0JerOJ/AFfBunl4W2ntV3zv8vzv97MWdSWda3sbC4tLyymlvLr29sbm2bO7sNGSWC0DqJeCRaHpaUs5DWFVOctmJBceBx2vQGFyO9eUeFZFF4o4YxdQPcC5nPCFb61DEPasX2PTtGZQfVOinLJpursWxnt2mQoY5ZsErWeNA82FMowHSqHfOr3Y1IEtBQEY6ldGwrVm6KhWKE0yzfTiSNMRngHnU0hjig0k3HUTJ05EcCqT5F4/23N8WBlMPA054Aq76c1UbH/zQnUf65m7IwThQNibZozU84UhEaNYK6TFCi+FADJoLpLxHpY4GJ0r3ldXx7Nuw8NE5KtlWyr08LlcuHSRE52IdDKIINZ1CBK6hCHQg8wQu8w4fxaDwbr8bbxLpgTMvbgz9jfP4AUyWW9A==</latexit><latexit sha1_base64="zd37T0D4ydnNw+lqWUX9GLV1Q4o=">AAACBHicbZDLSsNAFIZPvNZ6i7p0M1qEuimJCLopFARxWYu9QBrLZDpph04uzEzEEgKu9GV0JerOJ/AFfBunl4W2ntV3zv8vzv97MWdSWda3sbC4tLyymlvLr29sbm2bO7sNGSWC0DqJeCRaHpaUs5DWFVOctmJBceBx2vQGFyO9eUeFZFF4o4YxdQPcC5nPCFb61DEPasX2PTtGZQfVOinLJpursWxnt2mQoY5ZsErWeNA82FMowHSqHfOr3Y1IEtBQEY6ldGwrVm6KhWKE0yzfTiSNMRngHnU0hjig0k3HUTJ05EcCqT5F4/23N8WBlMPA054Aq76c1UbH/zQnUf65m7IwThQNibZozU84UhEaNYK6TFCi+FADJoLpLxHpY4GJ0r3ldXx7Nuw8NE5KtlWyr08LlcuHSRE52IdDKIINZ1CBK6hCHQg8wQu8w4fxaDwbr8bbxLpgTMvbgz9jfP4AUyWW9A==</latexit>

mX

i,j=1

NX

p,q=1

cpicqjkij(xp � xq) � 0

mX

i,j=1

zizjSij(⇠) � 0

<latexit sha1_base64="VAL1jxw8ojd20DrL9mu/QNqMJB4="></latexit><latexit sha1_base64="VAL1jxw8ojd20DrL9mu/QNqMJB4="></latexit><latexit sha1_base64="VAL1jxw8ojd20DrL9mu/QNqMJB4="></latexit><latexit sha1_base64="VAL1jxw8ojd20DrL9mu/QNqMJB4="></latexit>

Ri(⇠) is unconstrained
<latexit sha1_base64="K2DW1ndMSgMBHu4zt6z3H+NZy0M=">AAAB/nicbVDLSsNAFL3xWesr6rKbwVaom5J0o8uCIC6r2Ae0IUymk3boZBJmJmIJhfozuhJ150f4A/6N08dCW8/q3HsOl3tOkHCmtON8W2vrG5tb27md/O7e/sGhfXTcVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJrqrQcqFYvFvR4l1ItwX7CQEazNyrcLpTuflbuP7LyEmEKpILFQWmJzrufbRafizIBWibsgRVig7ttf3V5M0ogKTThWquM6ifYyLDUjnI7z3VTRBJMh7tOOoQJHVHnZLMQYnYWxRHpA0Wz+7c1wpNQoCownwnqglrXp8j+tk+rw0suYSFJNBTEWo4UpRzpG0y5Qj0lKNB8Zgolk5ktEBlhiok1jeRPfXQ67SprViutU3NtqsXY9mReRgwKcQhlcuIAa3EAdGkDgCV7gHT6sifVsvVpvc+uatSjvBP7A+vwBNM6VWQ==</latexit><latexit sha1_base64="K2DW1ndMSgMBHu4zt6z3H+NZy0M=">AAAB/nicbVDLSsNAFL3xWesr6rKbwVaom5J0o8uCIC6r2Ae0IUymk3boZBJmJmIJhfozuhJ150f4A/6N08dCW8/q3HsOl3tOkHCmtON8W2vrG5tb27md/O7e/sGhfXTcVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJrqrQcqFYvFvR4l1ItwX7CQEazNyrcLpTuflbuP7LyEmEKpILFQWmJzrufbRafizIBWibsgRVig7ttf3V5M0ogKTThWquM6ifYyLDUjnI7z3VTRBJMh7tOOoQJHVHnZLMQYnYWxRHpA0Wz+7c1wpNQoCownwnqglrXp8j+tk+rw0suYSFJNBTEWo4UpRzpG0y5Qj0lKNB8Zgolk5ktEBlhiok1jeRPfXQ67SprViutU3NtqsXY9mReRgwKcQhlcuIAa3EAdGkDgCV7gHT6sifVsvVpvc+uatSjvBP7A+vwBNM6VWQ==</latexit><latexit sha1_base64="K2DW1ndMSgMBHu4zt6z3H+NZy0M=">AAAB/nicbVDLSsNAFL3xWesr6rKbwVaom5J0o8uCIC6r2Ae0IUymk3boZBJmJmIJhfozuhJ150f4A/6N08dCW8/q3HsOl3tOkHCmtON8W2vrG5tb27md/O7e/sGhfXTcVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJrqrQcqFYvFvR4l1ItwX7CQEazNyrcLpTuflbuP7LyEmEKpILFQWmJzrufbRafizIBWibsgRVig7ttf3V5M0ogKTThWquM6ifYyLDUjnI7z3VTRBJMh7tOOoQJHVHnZLMQYnYWxRHpA0Wz+7c1wpNQoCownwnqglrXp8j+tk+rw0suYSFJNBTEWo4UpRzpG0y5Qj0lKNB8Zgolk5ktEBlhiok1jeRPfXQ67SprViutU3NtqsXY9mReRgwKcQhlcuIAa3EAdGkDgCV7gHT6sifVsvVpvc+uatSjvBP7A+vwBNM6VWQ==</latexit><latexit sha1_base64="K2DW1ndMSgMBHu4zt6z3H+NZy0M=">AAAB/nicbVDLSsNAFL3xWesr6rKbwVaom5J0o8uCIC6r2Ae0IUymk3boZBJmJmIJhfozuhJ150f4A/6N08dCW8/q3HsOl3tOkHCmtON8W2vrG5tb27md/O7e/sGhfXTcVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJrqrQcqFYvFvR4l1ItwX7CQEazNyrcLpTuflbuP7LyEmEKpILFQWmJzrufbRafizIBWibsgRVig7ttf3V5M0ogKTThWquM6ifYyLDUjnI7z3VTRBJMh7tOOoQJHVHnZLMQYnYWxRHpA0Wz+7c1wpNQoCownwnqglrXp8j+tk+rw0suYSFJNBTEWo4UpRzpG0y5Qj0lKNB8Zgolk5ktEBlhiok1jeRPfXQ67SprViutU3NtqsXY9mReRgwKcQhlcuIAa3EAdGkDgCV7gHT6sifVsvVpvc+uatSjvBP7A+vwBNM6VWQ==</latexit>

Ri(⇠) = a complex SE
<latexit sha1_base64="gvcA9gOvggNwEYctlSGdMle9VWs=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZC3ZSZbnQjFEVwWR99QDsMmTTThmaSIclIy1Bw46+4caGIW3/CnX9j+lho64ELh3Pu5d57gphRpR3n28osLa+srmXXcxubW9s79u5eXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX479xgORigp+r4cx8SLU5TSkGGkj+fZB4danxfaAnsBzWIAIYhHFjAzg3ZVv552SMwFcJO6M5MEMVd/+ancETiLCNWZIqZbrxNpLkdQUMzLKtRNFYoT7qEtahnIUEeWlkx9G8NgoHRgKaYprOFF/T6QoUmoYBaYzQrqn5r2x+J/XSnR45qWUx4kmHE8XhQmDWsBxILBDJcGaDQ1BWFJzK8Q9JBHWJracCcGdf3mR1Msl1ym5N+V85WIWRxYcgiNQBC44BRVwDaqgBjB4BM/gFbxZT9aL9W59TFsz1mxmH/yB9fkDXtCVaw==</latexit><latexit sha1_base64="gvcA9gOvggNwEYctlSGdMle9VWs=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZC3ZSZbnQjFEVwWR99QDsMmTTThmaSIclIy1Bw46+4caGIW3/CnX9j+lho64ELh3Pu5d57gphRpR3n28osLa+srmXXcxubW9s79u5eXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX479xgORigp+r4cx8SLU5TSkGGkj+fZB4danxfaAnsBzWIAIYhHFjAzg3ZVv552SMwFcJO6M5MEMVd/+ancETiLCNWZIqZbrxNpLkdQUMzLKtRNFYoT7qEtahnIUEeWlkx9G8NgoHRgKaYprOFF/T6QoUmoYBaYzQrqn5r2x+J/XSnR45qWUx4kmHE8XhQmDWsBxILBDJcGaDQ1BWFJzK8Q9JBHWJracCcGdf3mR1Msl1ym5N+V85WIWRxYcgiNQBC44BRVwDaqgBjB4BM/gFbxZT9aL9W59TFsz1mxmH/yB9fkDXtCVaw==</latexit><latexit sha1_base64="gvcA9gOvggNwEYctlSGdMle9VWs=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZC3ZSZbnQjFEVwWR99QDsMmTTThmaSIclIy1Bw46+4caGIW3/CnX9j+lho64ELh3Pu5d57gphRpR3n28osLa+srmXXcxubW9s79u5eXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX479xgORigp+r4cx8SLU5TSkGGkj+fZB4danxfaAnsBzWIAIYhHFjAzg3ZVv552SMwFcJO6M5MEMVd/+ancETiLCNWZIqZbrxNpLkdQUMzLKtRNFYoT7qEtahnIUEeWlkx9G8NgoHRgKaYprOFF/T6QoUmoYBaYzQrqn5r2x+J/XSnR45qWUx4kmHE8XhQmDWsBxILBDJcGaDQ1BWFJzK8Q9JBHWJracCcGdf3mR1Msl1ym5N+V85WIWRxYcgiNQBC44BRVwDaqgBjB4BM/gFbxZT9aL9W59TFsz1mxmH/yB9fkDXtCVaw==</latexit><latexit sha1_base64="gvcA9gOvggNwEYctlSGdMle9VWs=">AAACA3icbVDLSgMxFM3UV62vUXe6CbZC3ZSZbnQjFEVwWR99QDsMmTTThmaSIclIy1Bw46+4caGIW3/CnX9j+lho64ELh3Pu5d57gphRpR3n28osLa+srmXXcxubW9s79u5eXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX479xgORigp+r4cx8SLU5TSkGGkj+fZB4danxfaAnsBzWIAIYhHFjAzg3ZVv552SMwFcJO6M5MEMVd/+ancETiLCNWZIqZbrxNpLkdQUMzLKtRNFYoT7qEtahnIUEeWlkx9G8NgoHRgKaYprOFF/T6QoUmoYBaYzQrqn5r2x+J/XSnR45qWUx4kmHE8XhQmDWsBxILBDJcGaDQ1BWFJzK8Q9JBHWJracCcGdf3mR1Msl1ym5N+V85WIWRxYcgiNQBC44BRVwDaqgBjB4BM/gFbxZT9aL9W59TFsz1mxmH/yB9fkDXtCVaw==</latexit>

Sij(⇠) = Ri(⇠) ⌦ Rj(⇠)
<latexit sha1_base64="XFg4MofC+CQJbbvYKlszMTwSJ4k=">AAACEnicbZC7TsMwFIadcivlFmBksWiR2qVKusCCVMHCWC69SE0UOa7bunWcyHYQVdRnYOFVWBhAiJWJjbfBTTNAyy9Z+vWdc3R8fj9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JJhLDBp4pCFouMjSRjlpKmoYqQTCYICn5G2P76c1dv3REga8js1iYgboAGnfYqR0sgzK6VbL6Gjadl5oBV4Dm88OrdOqGhApAajFJQ8s2hVrVRw2diZKYJMDc/8cnohjgPCFWZIyq5tRcpNkFAUMzItOLEkEcJjNCBdbTnS69wkPWkKTzTpwX4o9OMKpvT3RIICKSeBrzsDpIZysTaD/9W6seqfuQnlUawIx/NF/ZhBFcJZPrBHBcGKTbRBWFD9V4iHSCCsdIoFHYK9ePKyadWqtlW1r2vF+kUWRx4cgWNQBjY4BXVwBRqgCTB4BM/gFbwZT8aL8W58zFtzRjZzCP7I+PwBrC6bkQ==</latexit><latexit sha1_base64="XFg4MofC+CQJbbvYKlszMTwSJ4k=">AAACEnicbZC7TsMwFIadcivlFmBksWiR2qVKusCCVMHCWC69SE0UOa7bunWcyHYQVdRnYOFVWBhAiJWJjbfBTTNAyy9Z+vWdc3R8fj9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JJhLDBp4pCFouMjSRjlpKmoYqQTCYICn5G2P76c1dv3REga8js1iYgboAGnfYqR0sgzK6VbL6Gjadl5oBV4Dm88OrdOqGhApAajFJQ8s2hVrVRw2diZKYJMDc/8cnohjgPCFWZIyq5tRcpNkFAUMzItOLEkEcJjNCBdbTnS69wkPWkKTzTpwX4o9OMKpvT3RIICKSeBrzsDpIZysTaD/9W6seqfuQnlUawIx/NF/ZhBFcJZPrBHBcGKTbRBWFD9V4iHSCCsdIoFHYK9ePKyadWqtlW1r2vF+kUWRx4cgWNQBjY4BXVwBRqgCTB4BM/gFbwZT8aL8W58zFtzRjZzCP7I+PwBrC6bkQ==</latexit><latexit sha1_base64="XFg4MofC+CQJbbvYKlszMTwSJ4k=">AAACEnicbZC7TsMwFIadcivlFmBksWiR2qVKusCCVMHCWC69SE0UOa7bunWcyHYQVdRnYOFVWBhAiJWJjbfBTTNAyy9Z+vWdc3R8fj9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JJhLDBp4pCFouMjSRjlpKmoYqQTCYICn5G2P76c1dv3REga8js1iYgboAGnfYqR0sgzK6VbL6Gjadl5oBV4Dm88OrdOqGhApAajFJQ8s2hVrVRw2diZKYJMDc/8cnohjgPCFWZIyq5tRcpNkFAUMzItOLEkEcJjNCBdbTnS69wkPWkKTzTpwX4o9OMKpvT3RIICKSeBrzsDpIZysTaD/9W6seqfuQnlUawIx/NF/ZhBFcJZPrBHBcGKTbRBWFD9V4iHSCCsdIoFHYK9ePKyadWqtlW1r2vF+kUWRx4cgWNQBjY4BXVwBRqgCTB4BM/gFbwZT8aL8W58zFtzRjZzCP7I+PwBrC6bkQ==</latexit><latexit sha1_base64="XFg4MofC+CQJbbvYKlszMTwSJ4k=">AAACEnicbZC7TsMwFIadcivlFmBksWiR2qVKusCCVMHCWC69SE0UOa7bunWcyHYQVdRnYOFVWBhAiJWJjbfBTTNAyy9Z+vWdc3R8fj9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JJhLDBp4pCFouMjSRjlpKmoYqQTCYICn5G2P76c1dv3REga8js1iYgboAGnfYqR0sgzK6VbL6Gjadl5oBV4Dm88OrdOqGhApAajFJQ8s2hVrVRw2diZKYJMDc/8cnohjgPCFWZIyq5tRcpNkFAUMzItOLEkEcJjNCBdbTnS69wkPWkKTzTpwX4o9OMKpvT3RIICKSeBrzsDpIZysTaD/9W6seqfuQnlUawIx/NF/ZhBFcJZPrBHBcGKTbRBWFD9V4iHSCCsdIoFHYK9ePKyadWqtlW1r2vF+kUWRx4cgWNQBjY4BXVwBRqgCTB4BM/gFbwZT8aL8W58zFtzRjZzCP7I+PwBrC6bkQ==</latexit>

K is 3D pos def
<latexit sha1_base64="+ktPvSooIy9DCs3CNN14TWx/5ek=">AAAB+nicbVBNS8NAEJ34WetXqkcvi63gqST1oMeiHgQvFewHtKFsNpt26SYbdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnp9wprTjfFsrq2vrG5uFreL2zu7evl06aCmRSkKbRHAhOz5WlLOYNjXTnHYSSXHkc9r2R1dTv/1ApWIivtfjhHoRHsQsZARrI/XtUuW2gphCZ9coEQoFNOzbZafqzICWiZuTMuRo9O2vXiBIGtFYE46V6rpOor0MS80Ip5NiL1U0wWSEB7RraIwjqrxsdvoEnRglQKGQpmKNZurviQxHSo0j33RGWA/VojcV//O6qQ4vvIzFSappTOaLwpQjLdA0BxQwSYnmY0MwkczcisgQS0y0SatoQnAXX14mrVrVdaruXa1cv8zjKMARHMMpuHAOdbiBBjSBwCM8wyu8WU/Wi/VufcxbV6x85hD+wPr8AYfXkjo=</latexit><latexit sha1_base64="+ktPvSooIy9DCs3CNN14TWx/5ek=">AAAB+nicbVBNS8NAEJ34WetXqkcvi63gqST1oMeiHgQvFewHtKFsNpt26SYbdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnp9wprTjfFsrq2vrG5uFreL2zu7evl06aCmRSkKbRHAhOz5WlLOYNjXTnHYSSXHkc9r2R1dTv/1ApWIivtfjhHoRHsQsZARrI/XtUuW2gphCZ9coEQoFNOzbZafqzICWiZuTMuRo9O2vXiBIGtFYE46V6rpOor0MS80Ip5NiL1U0wWSEB7RraIwjqrxsdvoEnRglQKGQpmKNZurviQxHSo0j33RGWA/VojcV//O6qQ4vvIzFSappTOaLwpQjLdA0BxQwSYnmY0MwkczcisgQS0y0SatoQnAXX14mrVrVdaruXa1cv8zjKMARHMMpuHAOdbiBBjSBwCM8wyu8WU/Wi/VufcxbV6x85hD+wPr8AYfXkjo=</latexit><latexit sha1_base64="+ktPvSooIy9DCs3CNN14TWx/5ek=">AAAB+nicbVBNS8NAEJ34WetXqkcvi63gqST1oMeiHgQvFewHtKFsNpt26SYbdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnp9wprTjfFsrq2vrG5uFreL2zu7evl06aCmRSkKbRHAhOz5WlLOYNjXTnHYSSXHkc9r2R1dTv/1ApWIivtfjhHoRHsQsZARrI/XtUuW2gphCZ9coEQoFNOzbZafqzICWiZuTMuRo9O2vXiBIGtFYE46V6rpOor0MS80Ip5NiL1U0wWSEB7RraIwjqrxsdvoEnRglQKGQpmKNZurviQxHSo0j33RGWA/VojcV//O6qQ4vvIzFSappTOaLwpQjLdA0BxQwSYnmY0MwkczcisgQS0y0SatoQnAXX14mrVrVdaruXa1cv8zjKMARHMMpuHAOdbiBBjSBwCM8wyu8WU/Wi/VufcxbV6x85hD+wPr8AYfXkjo=</latexit><latexit sha1_base64="+ktPvSooIy9DCs3CNN14TWx/5ek=">AAAB+nicbVBNS8NAEJ34WetXqkcvi63gqST1oMeiHgQvFewHtKFsNpt26SYbdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnp9wprTjfFsrq2vrG5uFreL2zu7evl06aCmRSkKbRHAhOz5WlLOYNjXTnHYSSXHkc9r2R1dTv/1ApWIivtfjhHoRHsQsZARrI/XtUuW2gphCZ9coEQoFNOzbZafqzICWiZuTMuRo9O2vXiBIGtFYE46V6rpOor0MS80Ip5NiL1U0wWSEB7RraIwjqrxsdvoEnRglQKGQpmKNZurviQxHSo0j33RGWA/VojcV//O6qQ4vvIzFSappTOaLwpQjLdA0BxQwSYnmY0MwkczcisgQS0y0SatoQnAXX14mrVrVdaruXa1cv8zjKMARHMMpuHAOdbiBBjSBwCM8wyu8WU/Wi/VufcxbV6x85hD+wPr8AYfXkjo=</latexit>

With this, the MOSM kernel is kij(τ) = αij exp
(
− 1

2 (τ + θij)>Σij(τ + θij)
)

cos
(
(τ + θij)>µij + φij

)
and looks like this:
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NB: MOSM’s key feature is the consideration of relative delays among channels.
NB: MOSM is equivalent to other models via a restriction of its hypers, e.g., the cross-spectral mixture.
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An illustration: learning derivatives and delayed signals
Observations in green, ground truth in dashed lines, MOSM prediction in colours
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MOGP in action (1): GP-MOSM for finance
Aim: Imputation, filtering, anomaly detection
How: Fit GP-MOSM, inspect hypers
Next: Incorporate non-Gaussian likelihood (stylised facts).
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T. de Wolff, A. Cuevas & F. Tobar, Gaussian process imputation of multiple financial series. ICASSP 2017
G. Rios & F. Tobar, Compositionally-warped Gaussian processes. Elsevier Neural Networks, 2019.
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MOGP in action (2): GP-MOSM for electroencephalography
Aim: Detection of neonatal epileptic
fits, critical for brain development
How: Adjust GP-MOSM, inspect hy-
pers
Next: Automatic selection of quasista-
tionary windows, change-point detec-
tion, nonstationarity
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MOGP in action (∞): MOGPs for all

github.com/GAMES-UChile/mogptk

T. de Wolff, A. Cuevas & F. Tobar, MOGPTK: The multioutput GP toolkit. Elsevier Neurocomputing
2021
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http://www.github.com/GAMES-UChile/mogptk


Demo of MOGPTK
Notebooks available at the project’s repository
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https://github.com/GAMES-UChile/mogptk/tree/master/examples


Closing Remarks

Summary
I MOGPs are like GPs, but vector valued :)
I main challenge is covariance design
I covariance can be induced or parametrised
I different models are equivalent modulo parametric constraints

We didn’t cover:
I non-Gaussian likelihood [1]
I sparsity [1]
I nonstationarity [2]
I negative transfer of knowledge [3]

[1] F. Leibfried, V. Dutordoir, ST John, N. Durrande, A tutorial on sparse GPs and VI, arXiv, 2020.
[2] S. Remes, M. Heinonen, S. Kaski, Non-stationary spectral kernels, NeurIPS 2017
[3] R. Kontar, G. Raskutti, S. Zhou, Minimizing negative transfer of knowledge in multivariate Gaussian processes:
A scalable and regularized approach, IEEE Transactions on Pattern Analysis and Machine Intelligence, 2021.
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