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Gaussians link inference and linear algebra



Closure Under Multiplication
multiple Gaussian factors form a Gaussian

N(z5a, AN (230, B) = N (z;¢,C)N (a; b, A + B)
Cw=(A1+B Yt c=C(A"a+B'D)
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Closure Under Multiplication
multiple Gaussian factors form a Gaussian

N(‘L.aﬁA)j\/‘((E,lLB) :N($7C7C)N(a7baA+ B)
Ci=(A'+B ) e=C(Aa+ B




Closure under Linear Maps
Linear Maps of Gaussians are Gaussians

p(2) =N (21, X)
= p(Az) =N (Az, Ap, ATAT)

Here: A =[1,-0.5]
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Closure under Marginalization

projections of Gaussians are Gaussian

» projection with A= (1 0)

fN[(z)(Zi)@Z gzz)] dy = N'(; fta, Sz )

» this is the sum rule

[ rwyay= [ pylap@) dy = pa)

» so every finite-dim Gaussian is a
marginal of infinitely many more




Closure under Conditioning

cuts through Gaussians are Gaussians

p(z,y)
p(y)

= N (@3 o + Sy g (U = By)s Vaw = Say Zyo Sya)

p(x | y) = yy

» this is the product rule

» so Gaussians are closed under
the rules of probability




Bayesian Inference
explaining away




Bayesian Inference
explaining away
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p(yla,0)=N(y; ATz;0%)

:N[6;(1 0.6) (2) ,02]




Bayesian Inference
explaining away

p(x)=N(z;u,3)

| () () (5 )
o| A2 (() (s i)

\‘ p(y|x,0)= N(y;ATx;o'2)

:N[6;(1 0.6) (2) ,02]
p(@)p(y| )
p(y)

p(w|0’2,y) =



Bayesian Inference
explaining away

p(x)=N(z; 1, %)

| () () (5 )
o| A2 (() (s i)

N pyl@,0)= N (y; ATa;0%)

:N[6;(1 0.6) (2) ,02]
p(z)p(y| )

p(y)
=N(z;p+ZAATSA+0?) Ny - ATp), L -ZA(ATSA +0%)TATY)

() EE )

p(x]o®y) =



Gaussians provide the linear algebra of inference

» products of Gaussians are Gaussians
N(z;a, A)N (z;b, B) = N(x;¢, C)N (a;b, A + B)
C:=(A"+B™H™'  c:=C(Aa+B™')

» marginals of Gaussians are Gaussians

b s
Nx;ux,m N dy = N(z; pe, 2
f [(y) (/Jy Eyz Zyy Yy ( K acx)
» (linear) conditionals of Gaussians are Gaussians
p(z,y)

p(y)
» linear projections of Gaussians are Gaussians

p(2) =N(z;1, %) =  p(Az) = N(Az, Ap, ALAT)
— Bayesian inference under linear operations
p(z) =N(z;1,2)  plylz) =N(y; A"z +b,A)
p(B'z+c|ly)=N[B'z+c;B u+c+BSAATSA+A) H(y - ATpu-b),
B'SB-B'SA(ATSA+A)'ATEB] 5

=N (@5 112 + Sy Sy (U = 11y), Ve = Say Dy Sya)
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p(zly) =



Gaussians link inference and linear algebra
linear weights with features model functions



A dataset

linear re gression

given y e RY, p(y| f), what's f?
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A prior

over linear functions

f(z) =w +waz = P w O = (glc)
p(w) = N (w; u, ¥) p(f) =N(f;dpp, rX0z)
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A prior

over linear functions

f(z) =w +waz = P w O = (glc)
p(w) = N (w; u, ¥) p(f) =N(f;dpp, rX0z)
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The posterior
over weights

p(y|w, ¢x) = N(y; pw, 0T
p(w|y, ¢x) = N(w; p+ Xox (¢ Sox + 1)y - o ),
Y- Yox (o Tox +0*1) oY)
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The posterior
over functions

p(ylw, ¢x) =N (y; 5w, 0%I)
p(foly, dx) = N(fo; bop+ oy S0 x (8 Sox +02I) " (y - ok ),
0150, — 0,50 x (0 Sox + 1) ¢ S,)
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The posterior

p(ylw, éx) =N(y; okw,0’I)




The posterior

p(ylw, éx) =N(y; okw,0’I)
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The posterior

p(ylw, éx) =N(y; okw,0’I)
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% prior on w
= 2; % number of features
= @(a) (bsxfun(@power,a,0:F-1)); % ¢(a) =[1;a]
= zeros(F,1);
= eye(F); % p(w) =N(p, %)
% prior on f(z)
= 100; = linspace(-6,6,n)"; % ‘test’ points
= phi(x); % features of x
= phix * mu;
= phix * Sigma * phix’; % p(fz) =N(m,kyz)
= bsxfun(@plus,m,chol(kxx + 1.0e-8 x eye(n))’ * randn(n,3)); % samples from prior
= sqrt(diag(kxx)); % marginal stddev, for plotting
load(’data.mat’); = length(Y); % gives Y,X,sigma
% prior on Y = fx +¢€
= phi(X); % features of data
= phiX * mu;
= phiX % Sigma x phiX’; % p(fx)=N(M,kxx)
= kXX + sigma*2 * eye(N); % p(Y)=N(M,kxx +0c2I)
= chol(G); % most expensive step: O(NB)
= phix * Sigma * phiX’; % cov(fa, fx) =kax
= kxX / R; % pre-compute for re-use
=m+Ax RO\ (Y-M); % p(fo|Y)=N(m+keox(kxx +021)7H(Y - M),
= kxx - A *x A’ % kow —kex (kxx +021) Ykxa)
= bsxfun(@plus,mpost,chol(vpost + 1.0e-8 *x eye(n))’ * randn(n,3)); % samples
= sqrt(diag(vpost)); % marginal stddev, for plotting



A More Realistic Dataset

General Linear Regression

f(@)=¢w 7
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f(x) =wy +waz = pLw



% prior on w
=2; % number of features
= @(a) (bsxfun(@power,a,0:F-1)); % ¢(a) =[1;a]
= zeros(F,1);
= eye(F); % p(w) =N(p, %)
% prior on f(z)
= 100; x = linspace(-6,6,n)’; % ‘test’ points
= phi(x); % features of x
= phix * mu;
= phix * Sigma * phix’; % p(fz) =N(m,kyz)
= bsxfun(@plus,m,chol(kxx + 1.0e-8 x eye(n))’ * randn(n,3)); % samples from prior
= sqrt(diag(kxx)); % marginal stddev, for plotting
load(’data.mat’); = length(Y); % gives Y,X,sigma
% prior on Y = fx +¢€
= phi(X); % features of data
= phiX * mu;
= phiX % Sigma x phiX’; % p(fx)=N(M,kxx)
= kXX + sigma*2 * eye(N); % p(Y)=N(M,kxx +0c2I)
= chol(G); % most expensive step: O(NB)
= phix * Sigma * phiX’; % cov(fa, fx) =kax
= kxX / R; % pre-compute for re-use
=m+Ax RO\ (Y-M); % p(fo|Y)=N(m+keox(kxx +021)7H(Y - M),
= kxx - A *x A’ % kow —kex (kxx +021) Ykxa)
= bsxfun(@plus,mpost,chol(vpost + 1.0e-8 *x eye(n))’ * randn(n,3)); % samples
= sqrt(diag(vpost)); % marginal stddev, for plotting



Cubic Regression

phi = @(a) (bsxfun(@power,a,[0:3]1));

f@=d@)Tw  da)=(1 z 2> 23)
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Cubic Regression

phi = @(a) (bsxfun(@power,a,[0:3]1));
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Septic Regression ?

phi = @(a) (bsxfun(@power,a,[0:7]1));

f(z)=¢(x) w ¢(x):(1 x x2 - 1:.7)T
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Septic Regression ?

phi = @(a) (bsxfun(@power,a,[0:7]1));

f(z) =¢(z) w p(x)=(1 = 2 - 1:.7)T
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Fourier Regression

phi = @(a)(2 * [cos(bsxfun(@times,a/8,[0:8])), sin(bsxfun(@times,a/8,[1:81))1);

¢(z) = (cos(z) cos(2z) cos(3z) ... sin(z) sin(2x) )T

20 =
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Fourier Regression

phi = @(a)(2 * [cos(bsxfun(@times,a/8,[0:8])), sin(bsxfun(@times,a/8,[1:81))1);

¢(z) = (cos(z) cos(2z) cos(3z) ... sin(z) sin(2x) )T
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Step Regression

phi = @(a)(-1 + 2 * bsxfun(@lt,a,linspace(-8,8,16)));

d(z)=-1+2(0(z-8) 0(8-z) 6(z-7) 6(T-z) ...)"
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Step Regression

phi = @(a)(-1 + 2 * bsxfun(@lt,a,linspace(-8,8,16)));

d(z)=-1+2(0(x-8) 08-z) O(z-7) 6(T-z) ...)
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Another Kind of Step Regression

phi = @(a) (bsxfun(@gt,a,linspace(-8,8,16)));

¢(z)=(0(z-8) 0(8-z) 6(z-7) 6(T-x)
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Another Kind of Step Regression

phi = @(a) (bsxfun(@gt,a,linspace(-8,8,16)));

o(z)=(0(x-8) 0@8-z) O(=-T7) 6(T-z) ...)"

20 T T
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V Regression

phi = @(a) (bsxfun(@minus, abs(bsxfun(@minus,a,linspace(-8,8,16))),linspace(-8,8,16)));

¢(z)=(le-8/+8 |e-7+7 |z-6+6 ...)

24



V Regression

phi = @(a) (bsxfun(@minus,abs(bsxfun(@minus,a,linspace(-8,8,16))),linspace(-8,8,16)));

o) =(jz-8/+8 |e—-7/+7 |z-6/+6 ..)

24



Legendre Regression
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Legendre Regression

phi = @(a) (bsxfun(@times,legendre(13,a/8)’,0.15.7[0:131));

d(z) = (P (x),0' Pi(x),...,b3 Pia(2)) Pu(x) =

20
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Eiffel Tower Regression

phi = @(a) (exp(-abs(bsxfun(@minus,a,[-8:1:81))));

p(x) = (T8l el glz=bl )T

20

26



Eiffel Tower Regression

phi = @(a) (exp(-abs(bsxfun(@minus,a,[-8:1:81))));

¢(z) = (e7lo=8l el ele=dl )T
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Bell Curve Regression

phi = @(a) (exp(-0.5 * bsxfun(@minus,a,[-8:1:8]).%2));

6(x) = (30D 3D i@t )

20
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Bell Curve Regression

phi = @(a)(exp(-0.5 * bsxfun(@minus,a,[-8:1:8]).%2));

$(a) = (3@ @D d@9T )]

27



Multiple Inputs

all this works for in multiple dimensions, too

28



Multiple Inputs

all this works for in multiple dimensions, too
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Multiple Outputs
slightly more confusing, but no algebraic problem

¢ R —»RM f: R—-RM COV(fi(t)a f](t)) = Ze:(b&i(t)d)&j(t’)

> [fi(th), - frlEN), fa(t)s oo fa(EN)s oo faa (B1)s - far(E)]
are just some co-varying Gaussian variables
» requires careful matrix algebra

=

30



Multiple Outputs

learning paths

¢ R —»RM f: R—-RM COV(fi(t)a f](t)) = Ze:(b&i(t)d)&j(t’)

> [fi(th), - frlEN), fa(t)s oo fa(EN)s oo faa (B1)s - far(E)]
are just some co-varying Gaussian variables
» requires careful matrix algebra

=
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Multiple Outputs
learning paths

¢ R —»RM f: R—-RM COV(fi(t)a f](t)) = Ze:(b&i(t)d)&j(t’)

> [fi(th), - frlEN), fa(t)s oo fa(EN)s oo faa (B1)s - far(E)]
are just some co-varying Gaussian variables
» requires careful matrix algebra

32



Gaussians link inference and linear algebra
linear weights with features model functions
in fact, the number of features can be infinite!



How many features should we use?

let's look at that algebra again

p(fe |y, dx) = N(fu; b+ 0150 x (05 Sy + 021y - o),
@IE(?, - OIE¢X(¢);Z¢X + 0-21)_1@;(2(5b217)

» there’s no lonely ¢ in there
» all objects involving ¢ are of the form

» ¢" . — the mean function
» ¢ Y — the kernel

» once these are known, cost is independent of the number of features
» remember the code:

= phiX * mu;
= phix * mu;
= phiX % Sigma * phiX’; % p(fx)=N(M,kxx)
= phix * Sigma * phix’; % p(fz) =N(m, kaz)

= phix * Sigma * phiX’; % cov(fe, fx) =kax

34



% prior on w
= 2; % number of features
= @(a) (bsxfun(@power,a,0:F-1)); % ¢(a) =[1;a]
= zeros(F,1);
= eye(F); % p(w) =N(p, %)
% prior on f(z)
= 100; = linspace(-6,6,n)"; % ‘test’ points
= phi(x); % features of x
= phix * mu;
= phix * Sigma * phix’; % p(fz) =N(m,kyz)
= bsxfun(@plus,m,chol(kxx + 1.0e-8 x eye(n))’ * randn(n,3)); % samples from prior
= sqrt(diag(kxx)); % marginal stddev, for plotting
load(’data.mat’); = length(Y); % gives Y,X,sigma
% prior on Y = fx +¢€
= phi(X); % features of data
= phiX * mu;
= phiX % Sigma x phiX’; % p(fx)=N(M,kxx)
= kXX + sigma*2 * eye(N); % p(Y)=N(M,kxx +0c2I)
= chol(G); % most expensive step: O(NB)
= phix * Sigma * phiX’; % cov(fa, fx) =kax
= kxX / R; % pre-compute for re-use
=m+Ax RO\ (Y-M); % p(fo|Y)=N(m+keox(kxx +021)7H(Y - M),
= kxx - A *x A’ % kow —kex (kxx +021) Ykxa)
= bsxfun(@plus,mpost,chol(vpost + 1.0e-8 *x eye(n))’ * randn(n,3)); % samples
= sqrt(diag(vpost)); % marginal stddev, for plotting

35



% prior

= 2; % number of features
@(a) (bsxfun(@power,a,0:F)); % ¢(a) =[1;a]
@(a,b)(phi(a)’ * phi(b)); % kernel
@(a)(zeros(size(a,1))); % mean function

% belief on f(x)

= 100; = linspace(-6,6,n)’; % ‘test’ points
= mu(x);
= k(x,%); % p(fz)=N(m,kyz)
= bsxfun(@plus,m,chol(kxx + 1.0e-8 * eye(n))’ * randn(n,3)); % samples from prior
= sqrt(diag(kxx)); % marginal stddev, for plotting
load(’data.mat’); = length(Y); % gives Y,X,sigma
% prior on Y = fx +e€
= mu(X);
= k(X,X); % p(fx)=N(M,kxx)
= kXX + sigma*2 * eye(N); % p(Y)=N(M,kxx +0c2I)
= chol(G); % most expensive step: O(NS)
= k(X5 % cov(fu, fx) = kax
= kxX / R; % pre-compute for re-use
=m+Ax R\ (Y-M); % p(fo|Y)=N(m+kex(kxx +021)7H(Y - M),
= kxx - A *x A’ % kow —kex (kxx +021) Y kxa)
= bsxfun(@plus,mpost,chol(vpost + 1.0e-8 * eye(n))’ * randn(n,3)); % samples
= sqrt(diag(vpost)); % marginal stddev, for plotting

36



Features are cheap, so let’s use a lot

an example DJC MacKay, 1998

» For simplicity, let’s fix X = 7"2(%?’%“)[
» The elements of ¢ X¢, are

NTsrp(y = O (Cmax = Cmin) S~ o
0(2:) So(a;) A W CALICH

» phi=@(a) (exp(-0.5 * bsxfun(@minus,a,[-8:1:8]).72)./s.%2);

o9 -5)

2)\2
o(x:) So(x;)
_ g (Cmax len) ex ( i Z) ( (mj_cl) )
F 2o

zaz(cmax_cmin) exp( ( 33]) )i ( (Cf 2(z2+z])) )
1

F A2

37



Features are cheap, so let’s use a lot

an example DJC MacKay, 1998

¢($i)TZ¢(xj) =
1 2
O (Cmax = can) (@m0 Y v (e ()
F e 7 22
» now increase F', such that # of features in c becomes (Cmi fccmm)
o(z;) Sg(z;) —
. )2 Cmax c_l mi"l'x‘ 2
JQGXp(_(xZZL/\;CJ))fcmm exp(—( 2(/\2 J)) ) de

> let Cmin > —09, Cmax —> 00

o(2:) " 8p(x;) — V2w A? exp (—(%4_/\?))

38



Exponentiated Squares

phi = @(a) (exp(-0.5 * bsxfun(@minus,a,linspace(-8,8,10)).%2 ./ell.*2));

39



Exponentiated Squares

phi = @(a) (exp(-0.5 * bsxfun(@minus,a,linspace(-8,8,30)).%2 ./ell.*2));

39



Exponentiated Squares

k = @(a,b) (5*exp(-0.25*bsxfun(@minus,a,b’).*2));

» aka. radial basis function, square(d)-exponential kernel

39



Exponentiated Squares
k = @(a,b) (5*exp(-0.25*%bsxfun(@minus,a,b’).*2));

» aka. radial basis function, square(d)-exponential kernel

39



What just happened?

kernelization to infinitely many features

Definition
A function k : X x X — R is a Mercer kernel if, for any finite collection

X =[z1,...,zN], the matrix kx x € RNV*N with elements
kx x @,y = k(zi, ;) is positive semidefinite.

Lemma
Any kernel that can be written as

k@,a) = ¥ ou(@)n(a’) de

is a Mercer kernel. (assuming integral over positive set)
Proof: VX e XV v e RN

N 2
’UTkXX'U = \i ZUZQI(LL) dl = ‘i‘ [Zvlqﬁg(xz)] d¢>0 O

40



What just happened?

Gaussian process priors

Definition
A function k : X x X — R is a Mercer kernel if, for any finite collection

X =[z1,...,zN], the matrix kx x € RNV*N with elements
kx x @,y = k(zi,2;) is positive semidefinite.

Definition

Let u: X—R be any function, k : X x X —R be a Mercer kernel.

A Gaussian process p(f) = GP(f;u, k) is a probability distribution over
the function f : X — R, such that every finite restriction to function values
fx = [frrs---, fun ] is @ Gaussian distribution p(fx) = N'(fx;ux, kxx)-

1



Those step functions

phi = @(a) (bsxfun(@gt,a,linspace(-8,8,5))./sqrt(5));

20

10 |- .
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Those step functions

phi = @(a) (bsxfun(@gt,a,linspace(-8,8,20))./sqrt(20));

20
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Those step functions

phi = @(a) (bsxfun(@gt,a,linspace(-8,8,100))./sqrt(100));

20
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Those step functions

k = @(a,b)(theta.*2 * bsxfun(@min,a+8,b’+8)/16);

0 S - AR P
AT ~ YA —A7 - SRR PP
TSN AT S 7MY PARPEPRIRAN Rt S 2 NP
= = N SN F NG E T = S =g
| | | | | | |

cov( fe,s fe;) = foo 0(x; —c)0(x; — ¢) de = min(z;, ;) — Cmin

Cmin

» aka. the Wiener process

42



Those step functions

k = @(a,b)(theta.*2 * bsxfun(@min,a+8,b’+8)/16);




Those other step-functions
phi = @(a)(-1 + 2 * bsxfun(@lt,a,linspace(-8,8,5))); Wahba, 1990

43



Those other step-functions
phi = @(a)(-1 + 2 * bsxfun(@lt,a,linspace(-8,8,20))); Wahba, 1990

43



Those other step-functions
phi = @(a)(-1 + 2 * bsxfun(@lt,a,linspace(-8,8,100))); Wahba, 1990

43



Those other step-functions
k = @(a,b)((1 + ¢ - 2 * ¢ x abs(bsxfun(@minus,a,b’)/16))); Wahba, 1990

coV(farr fa,) = 1+bf01(29(mi—c)—1)(29(xj—c)—l)dc = 1+b-2bj;~z;|

» aka. linear splines

43



Those other step-functions
k = @(a,b)((1 + ¢ - 2 * ¢ x abs(bsxfun(@minus,a,b’)/16))); Wahba, 1990

-8 -6 -4 -2 0 2 4 6 8
1
coV(farr fa,) = 1+bf (20(—c)~1)(20(x; )~ 1)de = 1+b—2bl; — ]
0

» aka. linear splines

43



Those linear features Wahba, 1990

phi = @(a) (bsxfun(@minus, abs(bsxfun(@minus,a,linspace(-8,8,5))),linspace(-8,8,5)));

44



Those linear features Wahba, 1990

phi = @(a) (bsxfun(@minus, abs(bsxfun(@minus,a,linspace(-8,8,20))),linspace(-8,8,20)));

44



Those linear features Wahba, 1990
phi =
@(a) (bsxfun(@minus, abs(bsxfun(@minus,a,linspace(-8,8,100))),linspace(-8,8,100)));

44



Wahba, 1990

Those linear features
k = @(a,b)(theta.?2 * (1 + (1+c) * bsxfun(@times,a+8,b’+8)./16 + ¢ ./ 3 *
(abs(bsxfun(@minus,a,b’)/16).%3 - bsxfun(@plus, ((a+8)./16).%3,((b’+8)./16).73))));

ST
p ! ! ! ! !
-8 -6 -4 -2 0 2 4 6 8

1
cov(fmi,fx_j)=1+:£ixj+bf0 (lzi =] =) (|lzj — | - ¢) de
—1+(1+b):z:vxv+é(|xl—xl|3—x3— ) aka. cubic splin
- iy T g J Yy . plines
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Those linear features Wahba, 1990
k = @(a,b)(theta.”2 * (1 + (1+c) * bsxfun(@times,a+8,b’+8)./16 + ¢ ./ 3 *
(abs(bsxfun(@minus,a,b’)/16) .23 - bsxfun(@plus, ((a+8)./16).%3, ((b’+8)./16).73))));

1
CoV( fo,s fo,) = 1+ 255 +b‘[0 (lzi =] =) (|lzj — | - ¢) de

=1+ (1L+b)ww; + g(m -zj* -2® —y*)  aka. cubic splines

44



Exponentially suppressed polynomials
phi = @(a) (bsxfun(@times,bsxfun(@power,a./9,[0:1]1),c.*[0:11)); Minka, 2000

1
cov(fos fo,) = Do 0'aial  0<b<l  —l<agai<l
=0
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Exponentially suppressed polynomials
phi = @(a) (bsxfun(@times,bsxfun(@power,a./9,[0:2]1),c.*[0:21)); Minka, 2000

2
cov(fos fo,) = Do 0'aial  0<b<l  —l<agai<l
=0
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Exponentially suppressed polynomials
phi = @(a) (bsxfun(@times,bsxfun(@power,a./9,[0:10]),c.*[0:101)); Minka, 2000

10
cov(fos fo,) = Do 0'aial  0<b<l  —l<agai<l
=0

45



Exponentially suppressed polynomials
k = @(a,b)(theta.*2 .* 1./(1-cxbsxfun(@times,a./8,b’./8))); Minka, 2000

& 1
cov(fo s fo )= balat=———— 0<b<1 —l<z,z;<1
V(f@ fg) ZE) xzx] ].—bi]']i.'llj Li, Lj
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Exponentially suppressed polynomials
k = @(a,b)(theta.”2 .x 1./(1-cxbsxfun(@times,a./8,b’./8))); Minka, 2000

COV(fwi,fzj):Zbequjﬁzi Ogbﬁl —1<$i,$j<1
£=0

45



Exponentially decaying periodic features Rl S

phi = @(a) ([bsxfun(@times,cos(bsxfun(@times,a/8,[0:2]1)),c.”[0:2]1), ...
bsxfun(@times,sin(bsxfun(@times,a/8,[1:2]1)),c.*[1:21)1);

2
coV(fa,s fo;) =1+ b (cos(2mlx;) cos(2mla;) + sin(2mla;) sin(2nla ;)
=0
0<b<1
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Exponentially decaying periodic features Rl S

phi = @(a) ([bsxfun(@times,cos(bsxfun(@times,a/8,[0:20])),c.*[0:20]1), ...
bsxfun(@times,sin(bsxfun(@times,a/8,[1:201)),c.*[1:20]1)1);

20
coV(fa,s fo;) =1+ b (cos(2mlx;) cos(2mla;) + sin(2mla;) sin(2mla ;)
=0
0<b<1

46



Exponentially decaying periodic features Rl S

phi = @(a) ([bsxfun(@times,cos(bsxfun(@times,a/8,[0:50])),c.*[0:50]1), ...
bsxfun(@times,sin(bsxfun(@times,a/8,[1:501)),c.*[1:50]1)1);

50
coV(fa,s fo;) =1+ b (cos(2mlx;) cos(2mla;) + sin(2mla;) sin(2mla ;)
=0
0<b<1

46



Exponentially decaying periodic features Rl S
k = @(a,b)(theta.”2 . 0.5 .x (1 + (1 - c.*2) ./ (1 +c.*2 ...
- 2 * ¢ x cos(bsxfun(@minus,a,b’)/8))));

cov(fa,s fo;) =1+ b*(cos(2mlx;) cos(2mba;) + sin(2mla; ) sin(2mla;)
=0
32
:1+ (1-b7)/2 0<b<1
2 1+b2-2bcos(2m(x;—x;)) 4




Exponentially decaying periodic features T Minka. 2000
k = @(a,b)(theta.*2 .x 0.5 .x (1 + (1 - c.”2) ./ (1 + c.”2 ... ’
- 2 x ¢ * cos(bsxfun(@minus,a,b’)/8))));

coV(fois fo,) =1+ b*(cos(2mlx;) cos(2mba;) + sin(2mla; ) sin(2mla;)
=0
32
:1+ (1 b)/2 0<b<1
2 1+b2-2bcos(2m(x;—x;)) 4




“White Noise”

the “limit” of block functions

limy f I(|z; - ¢ < )(Jz; | < €) de = (i - ;)

» but we're cheating a little (height of blocks goes to 0!)
» white noise is a concept, more than a proper limit
» if you make no assumptions, you learn nothing

47



“White Noise”

the “limit” of block functions
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» if you make no assumptions, you learn nothing
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“White Noise”

the “limit” of block functions

-8 -6 -4 -2 0 2 4 6 8

limy / I(|z; - ¢ < )(Jz; | < €) de = (i - ;)

» but we're cheating a little (height of blocks goes to 0!)
» white noise is a concept, more than a proper limit
» if you make no assumptions, you learn nothing
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“White Noise”

the “limit” of block functions

20 T

10 | :

10 b |

-8 -6 -4 -2 0 2 4 6 8

limO/H(|xi - <e)l(|z; —c|l <e)dec=0d(z; —x;)

» but we're cheating a little (height of blocks goes to 0!)
» white noise is a concept, more than a proper limit
» if you make no assumptions, you learn nothing

47



Gaussians link inference and linear algebra
linear weights with features model functions

in fact, the number of features can be infinite!
kernels can be

output scaled
input scaled
added
multiplied

to get more expressive models



Scaling Outputs

k = @(a,b)(1.72 x exp(-(bsxfun(@minus,a./2,b’./2)).%2));

v kv >0 Vo = v 0%kv = 0%0 kv >0 Vo
p(f)=GP(f;u k) = var[ f(z)] = 0°k(z,x)
20
10 - =
o _— —
_10 - _
| | | | | | |
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Scaling Outputs

k = @(a,b)(1.72 x exp(-(bsxfun(@minus,a./2,b’./2)).%2));

v kv >0 Vo = v 0%kv = 0%0 kv >0 Vo
p(f)=GP(f;u k) = var[ f(z)] = 0°k(z,x)
20 T

49



Scaling Outputs

k = @(a,b)( * exp(-(bsxfun(@minus,a./2,b’./2)).%2));

v kv >0 Vo = v 0%kv = 0%0 kv >0 Vo
p(f)=GP(f;u k) = var[ f(z)] = 0%k(z, )
20 T

49



Scaling Outputs

k = @(a,b)(10.72 * exp(-(bsxfun(@minus,a./2,b’./2)).*2));

v kv >0 Vo = v 0%kv = 0%0 kv >0 Vo
p(f)=GP(f;u k) = var[ f(z)] = 0°k(z,x)
20 — —

49



Scaling Inputs

kSE = @(a,b) (exp(-(bsxfun(@minus,a,b’)).*2)); phi = @(a)(a/5);
k @(a,b) (20 x kSE(phi(a),phi(b)));

k(a.b) = Ym(@m®) = k(6(@).6)) = Lue(o(a)n(6())"

20

10

» k(a,b) is pos. semidef. = k(¢(a), @(b)) is pos. semidef.
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Scaling Inputs

kSE = @(a,b) (exp(-(bsxfun(@minus,a,b’)).*2)); phi = @(a)(a/5);
3 @(a,b) (20 x kSE(phi(a),phi(b)));

k(a.b) = Ym(@m®) = k(6(@).6)) = Lue(o(a)n(6())"

20

10

» k(a,b) is pos. semidef. = k(¢(a), @(b)) is pos. semidef.
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Scaling Inputs

kSE = @(a,b) (exp(-(bsxfun(@minus,a,b’)).*2)); phi = @(a)(a*x2);
k = @(a,b)(20 *x kSE(phi(a),phi(b)));

k(a.b) = Ym(@m®) = k(6(@).6)) = Lue(o(a)n(6())"

20

» k(a,b) is pos. semidef. = k(¢(a), @(b)) is pos. semidef.
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Scaling Inputs

kSE = @(a,b) (exp(-(bsxfun(@minus,a,b’)).*2)); phi = @(a)(a*x2);
3 @(a,b) (20 x kSE(phi(a),phi(b)));

k(a.b) = Ym(@m®) = k(6(@).6)) = Lue(o(a)n(6())"

20 T

» k(a,b) is pos. semidef. = k(¢(a), @(b)) is pos. semidef.

50



Scaling Inputs

kSE = @(a,b) (exp(-(bsxfun(@minus,a,b’)).*2)); phi = @(a)(((a+9)./5)."2);
k = @(a,b)(20 *x kSE(phi(a),phi(b)));

ka.b) = fmlam®™ = k(6(@),6(0) = Ln(o@)m (o))
20

Caution: This can have unintended consequences is ¢ is not

monotonic (long range interactions!)
51



Scaling Inputs

kSE = @(a,b) (exp(-(bsxfun(@minus,a,b’)).*2)); phi = @(a)(((a+9)./5)."2);
3 @(a,b) (20 x kSE(phi(a),phi(b)));

ka.b) = fmlam®™ = k(6(@),6(0) = Ln(o@)m (o))

20

10

Caution: This can have unintended consequences is ¢ is not
monotonic (long range interactions!)

51



Scaling Inputs — Example: periodic functions p..c. mackay, 1998
phi = @(a)(sin(a)); kSE = @(a,b) (20 * exp(-(bsxfun(@minus,a./2,b’./2))."2));
k = @(a,b) (kSE(phi(a),phi(b)));

52



Scaling Inputs — Example: periodic functions p..c. mackay, 1998
phi = @(a)(sin(a)); kSE = @(a,b) (20 * exp(-(bsxfun(@minus,a./2,b’./2)).*2));
k= @(a,b)(kSE(phi(a),phi(b)));

52



Sums of Kernels are Kernels

k1
k2
k

@(a,b) (4.2 x exp(-(bsxfun(@minus,a./2,b’./2)).%2 ./ 10."2));
@(a,b)(1.72 *x exp(-(bsxfun(@minus,a./2,b’./2)).%2 ./ 0.5"2));
@(a,b)(k1(a,b) + k2(a,b));

T/l 2 T T2
vi(kxx +kxx)v=vkxxv+v'kxxv>0

20

Intuition: similarity under k' OR k2.
53



Sums of Kernels are Kernels

k1 @(a,b) (4.2 x exp(-(bsxfun(@minus,a./2,b’./2)).%2 ./ 10."2));
k2 = @(a,b)(1.72 * exp(-(bsxfun(@minus,a./2,b’./2)).*2 ./ 0.5*2));
3 @(a,b)(k1(a,b) + k2(a,b));

T/l 2 T T2
vi(kxx +kxx)v=vkxxv+v'kxxv>0

Intuition: similarity under k' OR k2.

53



Sums of Kernel and Parametric Features
@(a) (bsxfun(@power,a,[0:21));
@(a,b) (20 x exp(-(bsxfun(@minus,a./2,b’./2)).%2) + phi(a)*phi(b)’);

phi
3

20 T T
\ /
\ !
\ /
\ /
\ /
| \ / ]
10 \ -
\\ B 4 e
\\‘// ~ \\(/
N P~ - -
0 — —=
3 S
N
- ) S
// o \ \
e ~ \
A //’<\_,// \\ \\
,
-10 |- ’ .7 \\ N -
// // N \\
! ! ! ! ! ¥ | \

see Rasmussen & Williams, §2.7 for an efficient implementation
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Sums of Kernel and Parametric Features
phi = @(a) (bsxfun(@power,a,[0:2]1));
k = @(a,b)(20 *x exp(-(bsxfun(@minus,a./2,b’./2)).72) + phi(a)*phi(b)’);

see Rasmussen & Williams, §2.7 for an efficient implementation

54



Multiple Inputs

just a quick reminder

55



Additive Models

k = @(a,b)(kSE(a(:,1),b(:,1)) + kSE(a(:,2),b(:,2))); Hastie & Tibshirani, 1990

D
k(a,b) =" ka(aa,ba)
d

56



Additive Models

@(a) (bsxfun(@power,a,[0:2])); Wahba, 1990, Rasmussen & Williams, 2006
@(a,b)(kSE(a(:,1),b(:,1)) + phi(a(:,2))*phi(b(:,2))’);

phi
3

D
k(a,b) = kq(aa,ba)
d

» use structure of kx x to drastically lower inference cost
» generalize to k(a,b) = X7 ka(aa,ba) + X7 ¥4 " kij(ai, aj,b;,b;) to
get functional ANOVA
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Products of Kernels are Kernels

phi = @(a) (bsxfun(@power,a,[0:2]1));

k1 @(a,b) (20 x exp(-(bsxfun(@minus,a./2,b’./2)).2));
k @(a,b) (k1(a,b) .x (phi(a) * phi(b)’));

Theorem (I. Schur (proof in Bapat, 1997, Million 2007))

If A and B are positive semidefinite, then A ® B (=A.*B) is semidefinite.

20 LI B | B A | T A T T
| 1 \ L [ ! | | | |
| I \ AR (R ! | | | |
1 ] \ N Iy ! | | 1 |
I 1 \ /I Iy ! | | | |
| 1 \ U v ! | | I |

10 - 1 1 \ ! 1 A ! TR I (I
I I i 1 . | : T I I
1 I \/’ 1 / I ! I T I
| 11 \ N / / ! IR I |
| 11 [ 1 T [ I 1

0 1 1 7 . = L | 1 1
[ [ 1 \ B T 1o [l [
| 11 N Y / ! 1o 1 |

\ \ I
[ 11 Al ~ il \ U0 I
| (] ]! ,\— \ g 00 | |
1 I [ i \ i R TR l
I
10, I 10 [ \ g 1|
- /
[ 0 1 o 8 IR l
[ I I 3 N U0 1
I | 1 | | L | | | L] |

|
-8 -6 -4 -2 0 2 4 6 8

Intuition: similarity under k' AND &2. .



Products of Kernels are Kernels

phi = @(a) (bsxfun(@power,a,[0:2]1));
k1 @(a,b) (20 x exp(-(bsxfun(@minus,a./2,b’./2)).2));

k @(a,b)(k1(a,b) .* (phi(a) * phi(b)’));

Theorem (I. Schur (proof in Bapat, 1997, Million 2007))

If A and B are positive semidefinite, then A ® B (=A.*B) is semidefinite.

20 AN T 77T y

Intuition: similarity under k' AND &2.
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Summary: Kernel design

Mercer kernels form a semiring

» k is positive semidefinite = ak for a € R, is positive semidefinite
e.g. to change signal variance

» k(a,b) is pos. semidef. = k(¢(a), @(b)) is pos. semidef.
e.g. to change length scale

» k1, ko is positive semidefinite = k1 + ko is positive semidefinite
e.g. to encode OR similarity

» k1, ko is positive semidefinite = k; ® ko is positive semidefinite
e.g. to encode AND similarity

These rules can encode prior knowledge in Gaussian models.

If your model has no parameters, you haven’t found them yet.
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Gaussians link inference and linear algebra
linear weights with features model functions
in fact, the number of features can be infinite!
kernels can be

output scaled
input scaled
added
multiplied

to get more expressive models
but every kernel remains a nontrivial assumption



Reproducing Kernel Hilbert Spaces

the very rough story

» posterior mean k,x (kxx +021) ty = kyxa
» s0 we are interested in the space of functions (the RKHS)

N
f(x) = Zaik(a:,Xi) for various X;, N, a.

» for some kernels (SE, RQ, OU, .. .), this space lies dense in the 61



Universal RKHSs
an experiment — prior

62



Universal RKHSs

an experiment — 1 evaluation
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Universal RKHSs

an experiment — 2 evaluations
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Universal RKHSs

an experiment — 5 evaluations

62



Universal RKHSs
an experiment — 10 evaluations
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Universal RKHSs

an experiment — 20 evaluations
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Universal RKHSs

an experiment — 50 evaluations
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Universal RKHSs
an experiment — 100 evaluations
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Universal RKHSs

an experiment — 500 evaluations
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Convergence Rates are Important

non-obvious aspects of f can ruin convergence v.d.Vaart & v.Zanten, 2011

£112

If = fl

Ll Ll Ll Ll
10° 10* 102 10°% 10*
# function evaluations

If fis “not well represented” by the kernel (has low prior density), the
number of datapoints required to achieve € error can be exponential in e.
Outside of the observation range, there are no guarantees at all.

v.d.Vaart & v.Zanten. Information Rates of Nonparametric GP models. JMLR 12 (2011)
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An Analogy

representing 7 in Q

» QisdenseinR

1 1 1
m=3-—+1-—+4-—+1- — + ... decimal

1 10 100 1000
1 1 1 1 o

=4 4444 Gregory-Leibniz
1 3 5 7
1 1 1 1

=3.-+4 4. - +4- Nilakantha

O——————1r——1—
S
5 5|
-
()
o
‘5) decimal
o _10 [ Gregory-Leibniz
Nilakantha
O (O  Chudnovsky
715 | | | | | | | I I

0 2 4 6 § 10 12 14 16 18 20
‘datapoints’
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» Gaussians link inference and linear algebra
» linear weights with features model functions
» in fact, number of features can be infinite — GP regression

» kernels can be

» output scaled
> input scaled
» added

> multiplied

to get more expressive models
» but every kernel remains a nontrivial assumption

GPs with universal kernels can learn every continuous function!
But they learn some functions exponentially slower than others.
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