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Outline

I Motivation

I Expectation propagation

I Sparse expectation propagation



GP Regression

Observations yi are a distorted version of a process fi:

yi = fi(xi) + εi, with εi ∼ N(0, σ2)
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GP Regression

Analytical tractability of the posterior distribution is
assured:

Gaussian prior: f ∼ GP (0,Knn)
Gaussian likelihood:

∏n
i=1 p(yi| fi) ∼ N

(
y|f, σ2

i I
)

Gaussian posterior: p(f|y) ∝ N (f|0,Knn)N
(
y|f, σ2

i I
)



In this talk

Assume Gaussian assumption is not longer adequate, e.g.:

Classification: y ∈ {C1, ...,Ck}

Count process: y ∈N
Other assumptions: y ∈ [0, 1]



Example: binary classification

I We are interested in modelling binary outcomes.
I Assume:

yi =

1, with probability pi

0, with probability 1 − pi

I Model p(yi| fi) as a monotonic tranformation of fi:
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Non-linear response functions

Non-Gaussian likelihood:

p(yi| fi) = Φ( fi)

Exact computation of the posterior is no longer possible
analytically.

p(f |y) =
p(f)

∏n
i=1 p(yi | fi)∫

p(f)
∏n

i=1 p(yi | fi) df



EP: general case

Exact (intractable) posterior:

p(f |y) =
p(f)

∏n
i=1 p(yi | fi)∫

p(f)
∏n

i=1 p(yi | fi) df

EP posterior approximation:

q(f |y) =

∏K
i=1 ti( fi)
ZEP



EP: fully factorized Gaussian approximation

Consider the special case:

I p(yi | fi) ≈ ti( fi) ∝ N( fi | µ̃i, σ̃2
i ), with i = 1, . . . ,n.

I p(f) ∼ N(f | 0,Knn). Not approximation needed.

EP posterior approximation:

q(f |y) =
p(f)

∏n
i=1 t( fi)

ZEP
= N(f |µ,Σ)



Site approximations

Assume:

I Initial approximations given: t j( f j) is given for j , i.
I Interest in finding ti( fi) ≈ p(yi| fi).

p(yi| fi)p(f)
∏
j,i

t j( f j) ≈ p(f)
n∏

j=1

t j( f j)

p(yi| fi)
∫

p(f)
∏
j,i

t j( f j) d f j,i ≈

∫
p(f)

n∏
j=1

t j( f j) d f j,i

p(yi| fi)q−i( fi) ≈ N( fi | µ̂i, σ̂
2
i )Ẑi



Minimization of the KL divergence

min KL
(
p(yi| fi)q−i( fi)||N( fi | µ̂i, σ̂

2
i )Ẑ

)
Since the approximation is Gaussian, KL is minimal when:

I µ̂i = 〈 fi〉p(yi| fi)q−i( fi)

I σ̂2
i = 〈 fi〉2p(yi| fi)q−i( fi)

− µ̃2
i

Since the approximation is un-normalized, we need that:

I Ẑi =
∫

p(yi| fi)q−i( fi) d fi



Site approximation example
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Predictions

Predictive distribution of q( f∗ |y) is also Gaussian:

I 〈 f∗ |y〉q( f∗ |y) = k>∗
(
Knn + Σ̃

)−1
µ̃

I 〈 f 2
∗ |y〉q( f∗ |y) − 〈 f∗ |y〉2q( f∗ |y) = k∗∗ − k>∗

(
Knn + Σ̃

)−1
k∗

Predictive distribution of y∗ might still be intractable:

q(y∗| f∗) =

∫
p(y∗| f∗)q( f∗|y) d f∗



Example: People who speak an indigenous language
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Example: People who speak an indigenous language
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Posterior variance update

Complexity is dominated by the computation of the
posterior covariance:

Σ =
(
K−1

nn + Σ̃−1
)−1



Sparse EP

q(f |y) is computed as before, but an sparse approximation is
used instead of the exact covariance Knn.

FITC approximation: O(nm2)

Knn ≈ KnmK−1
mmKmn + diag(Knn −Qnn)

DTC approximation: O(nm2)

Knn ≈ KnmK−1
mmKmn



EP-FITC (generalized FITC)

Predictions now depend on u:

I q( f∗ |y) =
∫

p( f∗ |u)q(u |y) du

I q(y∗ |y) =
∫

q(y∗ | f∗)q( f∗ |y) d f∗

The following is needed:

p(u | f) ∝ p(f |u)p(u)

q(u |y) =

∫
p(u | f)q(f |y) df



EP-FITC (generalized FITC)
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EP-DTC

Compatible with sparse variational approach:

L = logN
(
µ̃|0,Qnn + Σ̃

)
−

1
2

Tr
(
(Knn −Qnn)Σ̃−1

)
− ZEP



Sparse variational + EP-DTC
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