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Outline

» Motivation
» Expectation propagation

» Sparse expectation propagation



GP Regression

Observations y; are a distorted version of a process f;:

y; = fi(x)) + €;, with ; ~ N(0, %)

5 Gaussian process realizations
x x Observations
— Realizations of f;

/N
VAR -

10 15 20



GP Regression

Analytical tractability of the posterior distribution is
assured:

Gaussian prior: f ~ GP (0, K,.)
Gaussian likelihood: [T, p(vilfi) ~ N (ylf, 01.21)
Gaussian posterior:  p(fly) < N (£]0, K;,,) N (ylf, 01.21)



In this talk

Assume Gaussian assumption is not longer adequate, e.g.:

Classification: y € {Cy, ..., Cx}
Count process: y €N
Other assumptions: y € [0,1]



Example: binary classification

» We are interested in modelling binary outcomes.

» Assume:

o 1, with probability p;
Yi= 0, with probability 1 - p;

» Model p(yilf;) as a monotonic tranformation of f;:
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Non-linear response functions

Non-Gaussian likelihood:
p(yilfi) = ©(f:)

Exact computation of the posterior is no longer possible
analytically.

p(6) ITiZ; p(yil fi)
Jp® I, p(yil fi) df

p(fly) =



EP: general case

Exact (intractable) posterior:

p) TTL, p(vil fo)
[p® T plyil £) df

p(tly) =
EP posterior approximation:

K
A1y < Tt
Zgp



EP: tully factorized Gaussian approximation

Consider the special case:

> p(il f) ~ B(f) o< N(fil i, 63), with i = 1,...,m.
> p(f) ~ N(£|0,K,.,). Not approximation needed.

EP posterior approximation:

p(#) [T, £(fi)
Zgp

q(tly) = = N(flu L)



Site approximations

Assume:

> Initial approximations given: ¢;(f;) is given for j # i.
» Interest in finding t;(f;) = p(vilf).

pilfop@ | ] () ~ p®) H ()
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Minimization of the KL divergence

min KL (p(yil f)a-i(MIN(fi | i, 67)2)
Since the approximation is Gaussian, KL is minimal when:

> i = {fdpwilfa—if)
A2 N2 — 2
> 07 = S ~ B

Since the approximation is un-normalized, we need that:

> Zi = [p(yilfg-i(f) df;



Site approximation example

Likelihood: p(y;|f;) Cavity distribution: ¢_,(f;) ApprOXImatlon M filit,67

N\ - Exact

1 0. / \ o — Appr
o

e N U 4 s 55T o 1 4 6 =3 -2 -1 1 2 4




Predictions

Predictive distribution of g(f. |y) is also Gaussian:

-1 _
> (ol Yy = K (Knn +Z) i
==l
> 1Yty = Ly = e = K (K +E) K

Predictive distribution of y. might still be intractable:

Al = f Pl E(El) df.



Example: People who speak an indigenous language
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Example: People who speak an indigenous language
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Posterior variance update

Complexity is dominated by the computation of the
posterior covariance:

L= (K, + 7:‘1)_1



Sparse EP

q(f|y) is computed as before, but an sparse approximation is
used instead of the exact covariance K,,;,.

FITC approximation: O(nm?)
K = Kanr_n}nKmn + diag(Knn - an)
DTC approximation: O(nm?)

K = Kanr_anmn



EP-FITC (generalized FITC)

Predictions now depend on u:

> q(fly) = [p(flu)g(uly)du
> q(yly) = [q(y. | fa(f 1 y) dfs

The following is needed:

p(ulf) o< p(f|u)p(u)
gluly) = f plulf)q(Ely) df



EP-FITC (generalized FITC)
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EP-DTC

Compatible with sparse variational approach:

£=1og N (f0, Qun + £) = 3 Tr (K ~ QuiE™) - Ze



Sparse variational + EP-DTC

latitude

longitude



References

(1]

(2]

(3]

(4]
(5]

(6]

Thomas Minka. Expectation propagation for approximate Bayesian inference. In
Proceedings of the Seventeenth Conference on Uncertainty in Artificial Intelligence, pages
362-369. Morgan Kaufmann Publishers Inc., 2001.

Andrew Naish-Guzman and Sean Holden. The generalized FITC approximation.
Advances in Neural Information Processing Systems, 20:1057-1064, 2008.

Joaquin Quifionero-Candela and Carl Edward Rasmussen. A unifying view of
sparse approximate Gaussian process regression. The Journal of Machine Learning
Research, 6:1939-1959, 2005.

Matthias Seeger. Expectation propagation for exponential families. Technical
report, University of California at Berkeley, 2005.

Michalis K. Titsias. Variational learning of inducing variables in sparse Gaussian
processes. Journal of Machine Learning Research, 5:567-574, 2009.

Christopher K. I. Williams and Carl Edward Rasmussen. Gaussian processes for
Machine Learning. MIT Press, 2006.



