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Nonlinear regression with neural networks

Multi-layer perceptron with regularization (weight decay)

Bayesian complexity control

Automatic relevance determination
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Notation

Rasmussen and Williams notation,
if different

Model X —y= f(x)+e
Data {:“:ﬂ y Yn }e;?r:l
Noise level o’
Dimension of input space D
Horizontal lengthscale !
Vertical lengthscale Tf

B(Xn, Xnr ) = cov (f(Xn ), f(Xnr))

2 1 i
— Jf eXp (— B (Xn — Xpr) )
OV (Yny Ynr) = k(Xny Xnr ) + 0 8nn

Covariance function

‘squared, exponential’

t=1...nreplaced by n—=1... N

2
Tn

n, n' input point labels rather than p, ¢

Parametric model
Parameterized function fix) = o(x
Dimension of parameter space h=1...H

)'w

N replaced by H
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Can all this be done by a plain old Gaussian
distribution?

: |
1 --y K 7y
Py | K) = e 2

det 27 K] 1/

K is the covariance matrix



Two-dimensional Gaussian

Covariance matrix

Plyl,yz)




Inference

Posterior, conditional on Y1,

is Gaussian with mean that depends on Y
and K




Inference

A, B
. -1 1
Write K~ = _ BT A, _
P(Ylt«yQ ‘ K)
P(y2|y1,K) =
P(y1|K)
1 A, B || _
20 T T 1 Y1
x exp—3 | v yz]_BT As || ys
1 _ _
X e}{p—a[ (YQ_YQ)T ] [ A2 ] [ (YQ_YQ) ]:
o T 1T
where ~ meany, AQ_ 1B V1
posterior variance = A,

just matrix algebra



Another representation




This representation
allows visualization of
higher-dimensional

K

Gaussians
1.000001 0O0.882497 0.606531 0.3246852 0.13533 0.043937
0.882497 1.000001 0.882497 0.608531 0.324d/52 0.135335
0.606531 0.882497 1.000001 0.882497 0.608531 0.324d652
0.3246452 0.6068531 0.882497 1.000001 0O0.882497 0.60685h31
0.13533 0.324652 0.6806531 0.882497 1.000001 0.882497
0.042937 0.13253235 0.324ds52 0.606531 0.882497 1.000001
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Aha!

Looks like nonlinear regression

So, where did this 6x6 matrix

o I e T e Y e I e R

come from?
000001 0.882497
LAe2497 1.000001
LB06531 0.882497
L A2ARRE 0.5085321
135335 0.324652
432937 0,1325338

o o o = o O

LB06531
.BE24097
000001
.BE24097
LB06531]
L 2324R52

o o = o o O

324652
LB0RRI]
.B882497
000001
.B882497
LB0RRI]

o = o o o O

135335
L 2324R52
LB06531
.B82497
000001
.B82497

= o o o o O

. 0
.13
3246852
LB0RRI]
882497
000001
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Gaussian quiz
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1. Assuming the vanables in H1 have a joint Gaussian distribution,
which of the following could be the covariance matrix?

A

1
o O

—_ D
Lo O Lo

[—

R

1
o

Lo o L (O
=

= 2
R

9

)
— )

0

D

-3 0
10 -3
-3 9

2. which of the matrices could be the inverse covariance matrix?

3. Now H2's variables: which of the matrices could be the covariance matrix?

4. which of the matrices could be the inverse covariance matrix?

o

—

- e Y1+ Y24 Y3 i Ti i3 O 1 )
5. Let y1. y2. y3 have covariance matrix K, and inverse K e,l.

.o

b =

Focus on the variables y, and y>. Which statements about thewr covariance matrix K oy and inverse

covariance matrix K are true?

(B)



How do we build a Gaussian distribution?

k k k k k k

Inverse-covariance matrix or covariance matrix?

2 -1 0 (] U U.83 0.67 0.0 0.33 0.17

[ 2 [ 0O 0 - | 0.67 1.33 1.00 0.67 0.33
K= — g -1 2 -1 0 Kk —— 1 050 1.00 1.50 1.00 0.50
U o -1 2 -1 S 033 067 1.00 1.33  0.67
U (0 0 2 0.17 0.33 0.50 0.67 0.83




How the matrix was made

COV (Efri- ffflf)

k(x,, X, )

kﬂhﬁ.ﬁﬂf)| ﬁid““:

fTJ”} exp | —

T

]

an

_'qu}

}

‘squared, exponential’ covariance function

Model X =y = fIx)+«
Noise level T
Horizontal lengthscale [
Vertical lengthscale T f
K = 1.000001 0.882497 0.606531 0.324652
0.882497 1.000001 0.882497 0.606531
0.606531 0.882497 1.000001 0.882497
0.324652 0.606531 0.882497 1.000001
0.135335 0.324652 0.606531 0.882497
0.043937 0.135335 0.324652 0.606531

o = o o o O

13533

L 2324R52
LB06531
.B82497
000001
.B82497

= o o o o O

043937
125335
3246852
LB0RRI]
882497
000001



Extend to more points

coOV (Yn, Yn') = K(Xpn, Xnr ) + 05000

| 2
k(X Xpr) = 0p exp (_233 (%n = Kﬂ':)d)

‘squared, exponential’ covariance function

Model X —y = f(x)+ ¢
Noise level T
Horizontal lengthscale [
Vertical lengthscale o

Frior

Data

Fosterior w——
Fosterior —f——




A Gaussian process

coOV (Yn, Yn') = K(Xpn, Xnr ) + 05000

] 2
kG x2) = exp (3 (= x0°)

‘squared, exponential’ covariance function

Model X —y = f(x)+ ¢
Noise level T
Horizontal lengthscale [
Vertical lengthscale o

Prior A Gaussian process is a collection of random

Data

Posterion —— variables with the property that the joint
e distribution of any finite subset is a Gaussian




Effect of hyperparameters

coOV (Yn, Yn') = K(Xpn, Xnr ) + 05000

| 2
k(X Xpr) = 0p exp (_233 (%n = Kﬂ':)d)

‘squared, exponential’ covariance function

Model X —y = f(x)+ ¢
Noise level T
Horizontal lengthscale [
Vertical lengthscale o

Frior

Data

Fosterior w——
Fosterior —f——




Inference of hyperparameters

coOV (Yn, Yn') = K(Xpn, Xnr ) + 05000

| 2
k(X Xpr) = 0p exp (_233 (%n = Kﬂ':)d)

‘squared, exponential’ covariance function

Model X —y = f(x)+ ¢
Noise level T
Horizontal lengthscale [
Vertical lengthscale o

Frior

Data

Fosterior s—ft—
Fosterior =———

]
1 _—5}’TK H(0)y

Py |6 e
¥ 16) det 27K ()]



Two-dimensional input space

Automatic relevance determination
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Efficient computation (... well, modestly efficient)

cKov—k
If Ky, = :
_'i RT » h"._

then P(yn 1 |yin,. Ky 1) is Gaussian,
mean — kTKI.-ly]:N

: -1
variance = k—k' Kk

(p.16 in Rasmussen and Williams)

Can compute predictions (mean, variance)

at N* new points with cost (N + N<)\
instead of (N + N*)”



Key computational requirements

k'K 'y (where K is N x N)
for prediction
k'K k'

o Trace [K IMW
for hyperparameter optimization

or samplin
i det |K] (perhaps)



Choosing covariance functions

Can think about your prior beliefs

Example: linear regression

Un

<';ff nin’ >

f(:f-f-n.) + Un

mi,, + ¢+ Uy

(max, +c+vy) (ma, +c+ vy)

ﬂlzﬂ-f’ﬂ.ﬂ-:?lf | 62 |f$-‘:r.-'rr.-’g£

N
covariance function

k ( Ly s Ln! )

£

\
/



'Squared exponential’

Brownian




Emulate infinite neural networks

¢ I 2 . ] 2}[' 20X . ¢ f 2 . 1 25‘[' X
kan(x,X') = —sin __ e (X, X . =
R-"""” F2xTEx) (1 + 2% Zx/) | V(1 +2xTEx)(1 + 2% IX)

without biases with biases



GPs for classification
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where a(x) comes from a Gaussian process

0




Connection to standard neural networks

Multi-layer perceptron with regularization Gaussian process

Model
Parameters
Objective function M (w)
Optimization of M (w)
Noise level

Weight decay rate
(input weights)
Weight decay rate

(output weights)

ry — (X3 wW) + ¢ Model x — y = f(x)+¢

W

J]rf,(“-“jl | Z{_l{r-:lﬁ“_{“ﬂ:f.tf)

- - " k'
(matrix algebra)

| /3 Noise level o’
(in) Horizontal
ay ~ [

lengthscale

Vertical
L} {T
lengthscale f




Gaussian processes compared with state-of-the-art
nhonlinear parametric models

Easy to use

predictions correspond to model with infinite number of parameters
Equally good, or better, on a large range of datasets
GPs have many standard regression methods as special cases

Radial basis functions
Splines

Feed-forward neural networks with one hidden layer

Problems:

lll-conditioned
N3 complexity is bad news for N>1000

approximate methods



Gaussian Quiz solutions

Y= = A K11 Rys Kys
Y1 = uwny:+ 14 K= | Kin Ky I
yz — U-"Eyﬂ _I_ I__..IE! I'!Lj_"} I'sz I'!Lzz

P(y1,ya, vz | H1) Ply2)Ply1| y2)Plyz | y2)

L | L | L] L |
wios + 0] uwio;

www.lnference.phy.cam.ac.uk/mackay
'The Humble Gaussian Distribution'

.
*LL'1’LU3CT§
-
Wy
M M L]
W505 + 03

-
a
T4
s

Hi

(16)

1 5 j . 1 ' TR | 12. 1 2
B exp Ys exp VY1 — Wils) exp (Y3 — ways) (17)
- — - a — - ) — i
Zn 203 | Z 207 ] Z3 203
We can now collect all the terms mn yiv;.
1 y3 (- wiye)®  (ya— wsya)®
f : Ya Y1 — wWiya 3 — Walya
PlxylsyﬂsyEJ — _;Elp AT -7 - 3
VA A0 407 2:’]’3 .
M [y} %
1 B Wy W 5 Ao w1 o1 o ws
= ZeXp|—Y | s st s st sG] Vs s tENYs S —Yin s T Ll
Z 2o 2og 203 201 201 Jos 205
r 1 w 1741
— — = 0 0
g1 o1
1 1 w 1 wi 5
) ) (g iy ws W )
= ZEXP|—3 ¥ Y2 U3 —— st —=+—=| ——= Y2
Z 2 o;f |os o7 O3 o3
1 3 1 3 3
s 1
0 —— —3 Y3
\ | T3 o5 -7
S0 the inverse covariance matrix is
1 Wy ]
= = 0
1 a1 N
_ U 1 wr Wi Wa
1 1 3
K =|- &) s+ —=+ 2} )
01 Oz U3 U3 T3
3 1
0 —— =
i T3 O3




Gaussian Quiz solutions

www.lnference.phy.cam.ac.uk/mackay
'The Humble Gaussian Distribution'

Y2 = Wils + walys + V2 Ky, Ry» Kya .::r12 w1 .::rf 0
- - - a " ] L I | iy
K= | Ky Ky K | = o, + wioy] + w305 Waos
I‘;:[g I{gg Ilrgg G’% ?—f
2
l'._I - - i _ l'._I % l'._| - - i l'l"’:l %
Ply1,¥2,vz| Ha) = Plyr)Plys) Ply2| y1,v3) 122) @ @
1 " 2 . 1 j 1 I--1 a1, 0 LT P ] "2-
— —exp |- ¥yroy L exp | — ¥y} L exp | — \ Yo — Wil — Waljz) (24)
E"l 2!.’]'12 EE EG’EE Eg ) :G"%
We collect all the terms in y,u;. @
N j E I."l ] ] ] N ) j .
Ply1, yn ys) — lﬁp W ¥ W2 uhih — el
e zZ 207 203 203 |
1 -'\ + "'UI -'\ 1 + - il
— S ﬁp —y_' = = | T y; " —'yly: o
Z 11207 203 203 207
. .
A1 w3 - Wi . W Wa
—Ys 7t 55| Teeleg s — <Y1 5
25’3 407 200 402
/ 1wy w wiws ] o)
1 1 183
+ —— Y1
2o 03 o3 o3
1 1 Wy 1 Wh
= — exp __[3'1 U yz] —— — - U
' 2 o3 o3 o3
w1 a W3 1 w3
" G B + " yﬂ
\ ! o3 o5 [203 o] ]t )
S0 the Inverse covariance matrix is
(1 w3 Wi W Wy
0 + G G + n
201 03 o5 a5
w 1 Wa
_1 1 o
K = ——= — ——=
03 U T3
r 7




Gaussian Quiz solutions

Detailed, colourful solutions and comments are In
“The Humble Gaussian distribution' (12 pages)
- the top link on:

www.linference.phy.cam.ac.uk/mackay

So the Inverse covariance matrix 1s
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