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Approximations in GPs

» Two main challenges:
» Computational complexity and storage of exact inference
O(n®) and O(n?) respectively.
» Non Gaussian likelihoods making requisite integrals
intractable.

» In this section we address these challenges.
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Variational Compression

» Inducing variables are a compression of the real
observations.

» They can live in space of f or a space that is related through
a linear operator (Alvarez et al., 2010) — could be gradient
or convolution.

» There are inducing variables associated with each set of
hidden variables, x'.

» Importantly conditioning on inducing variables renders
the likelihood independent across the data.

» It turns out that this allows us to variationally handle
uncertainty on the kernel (including the inputs to the
kernel).

» It also allows standard scaling approaches: stochastic
variational inference Hensman et al. (2013), parallelization
Gal et al. (2014) and work by Zhenwen Dai on GPUs to be
applied: an engineering challenge?



Inducing Variable Approximations

» Date back to (Williams and Seeger, 2001; Smola and Bartlett, 2001; Csat6
and Opper, 2002; Seeger et al., 2003; Snelson and Ghahramani, 2006). See
Quifionero Candela and Rasmussen (2005) for a review.

» We follow variational perspective of (Titsias, 2009).

» This is an augmented variable method, followed by a
collapsed variational approximation (King and Lawrence, 2006;
Hensman et al., 2012).
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Augmented Variable Model: Not Wrong but Useful?

Important: Ensure inducing
variables are also Kolmogorov
consistent (we have m* other inducing
variables we are not yet using.)

pla) = f plu, w)du



Augmented Variable Model: Not Wrong but Useful?

Assume that relationship is through
f (represents ‘fundamentals’—push
Kolmogorov consistency up to here).

p(y) = f p(ylf)p(flu)p(u)dfdu




Augmented Variable Model: Not Wrong but Useful?

Convenient to assume factorization
(doesn’t invalidate model—think delta

function as worst case). e

p(y) = f H p(yil f)p(flu)p(u)dfdu
i=1

I
—
N




Augmented Variable Model: Not Wrong but Useful?

(=)
NG

Focus on integral over f.

= [ [ [ ifop et
=1

I
—
N



Augmented Variable Model: Not Wrong but Useful?

Focus on integral over f.

plyt) = f [ [ pitfopEwat
i=1




Variational Bound on p(y|u)

log p(ylu) = logfp(y|f)p(f|u)df

fp(f
= f q(f) log %dﬂ KL (q(f) || p(fly, u))



Variational Bound on p(y|u)

log p(ylu) :logfp(y|f)p(f|u)df
fp(f
= f q(f) log %dﬂ KL (q(f) l| p(fly, w))

(Titsias, 2009)

» Example, set g(f) = p(flu),

log p(ylu) > logfp(flu) log p(ylf)df.

p(ylu) = exp fp(flu) log p(ylf)df.



Optimal Compression in Inducing Variables

» Maximizing lower bound minimizes the KL divergence
(information gain):
f
pllw)
p(fly, u)

» This is minimized when the information stored about y is
stored already in u.

KL (p(fw) [ p(Fly, u)) = f p(flw) log

» The bound seeks an optimal compression from the
information gain perspective.

» If u = f bound is exact (f d-separates y from u).



Choice of Inducing Variables

» Optimizing the bound directly not always practical.

» Free to choose whatever heuristics for the inducing
variables.

» Can quantify which heuristics perform better through
checking lower bound.



Factorizing Likelihoods

» If the likelihood, p(ylf), factorizes

p(ylu) = exp f p(flu) log Hp(yilﬁ)df.
i=1
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Factorizing Likelihoods

» If the likelihood, p(ylf), factorizes

p(yln) > [ Jexp f p(filw) log p(yilf)df.
i=1

» Then the bound factorizes.



Factorizing Likelihoods

» If the likelihood, p(ylf), factorizes

n

plyt) = [ [ exp (logp(yil f))ys1a

i=1

» Then the bound factorizes.



Factorizing Likelihoods

» If the likelihood, p(ylf), factorizes

n
p(ylu) > H exp
i=1

» Then the bound factorizes.

» Now need a choice of distributions for f and y|f ...



Gaussian p(vyilf;)

For Gaussian likelihoods:

i 5 () - ()

1 2
=3 log 2o ~502



Gaussian p(vyilf;)

For Gaussian likelihoods:

(08 Py = =3 108270515 (= ) =52 ((/2) = ()

Implying:
p(yilu) = exp (logei) N (il (£}, 0°)



Gaussian Process Over f and u

Define:

2
0ii = varygin () = (£), 1y ~ ot

We can write:

If joint distribution of p(f, u) is Gaussian then:

— 1. . Ti-11.
qdii = kl,l - ki,uKu,ukl,u

¢; is not a function of u but is a function of Xy,.



Lower Bound on Likelihood

Substitute variational bound into marginal likelihood:

p) = [[e [ M (31,2l
i=1

Note that:
By = KeuKg

is linearly dependent on u.
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» If the bound is normalized, the c; terms are removed.



Deterministic Training Conditional

Making the marginalization of u straightforward. In the
Gaussian case:
p(u) = N (ul0, Ky,u)

n
f pylwp(wdu > [ e
i=1
Maximize log of the bound to find covariance function
parameters,

» If the bound is normalized, the c¢; terms are removed.

» This results in the projected process approximation
(Rasmussen and Williams, 2006) OF DTC (Quinonero Candela and
Rasmussen, 2005). PI’OpOSQd by (Smola and Bartlett, 2001; Seeger et al.,
2003; Csat6 and Opper, 2002; Csato, 2002).



Fully Independent Training Conditional

Define cz’. to be

¢l =cjex Yifis = ex —qi'i(y?_a_Z)
i T CeXp 5 [ = eXp 5

Then rewrite the bound:

i logc; +log N (yIO, 0°I + diag (Qf,f) + Kf,uK;}uKu/f)
i=1

where

Qg = cov (ffT)p(ﬂu) = K — KeuKguKug

In FITC the log c; terms could be negative or positive.
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GP Regression

Analytical tractability of the posterior distribution is assured:

» Gaussian prior:

f~ N(0,Kg)

» Gaussian likelihood:

Hp(yzlﬂ = N (yit, o71)

» Gaussian posterior:

p(ly) < N (£10, Ke) N (v, o71)



Bernoulli Distribution

v

A mathematical switch allows us to write a probability
table as a function.

PY=1)=m

P(Y =0) = (1 - )

Write as a function

v

P(Y = y) = /(1 - m)!

Can think of this construction as a “mathematical switch”.
Known as the Bernoulli distribution.

v

v

Widely used in classification algorithms: 7 parameter is
made to be dependent on “inputs”.



Binomial Distribution

» Generalization of Bernoulli to
multiple trials.

» Jakob Bernoulli: black and red balls
in an urn. Proportion of red is .

» Sample with replacement. Binomial
gives the distribution of number of
reds, y, from S extractions

S!
P(y|r, S) = ————7Y(1 — )Y
1 9) = g1 =)

» Mean is given by Sm and variance
Sn(1 — m).




0.35
0.3
0.25

P(ylS, m)
o
3

Figure : The binomial distribution for 7 = 0.4 and S = 20. Mean is
shown as red line, 2 standard deviations are magenta.



The Gamma Density

» Density over positive real values.

a

b
pin ) = 7 Y exp (~by)
=6 (vl %)

» Mean is % and variance is l%‘

» Also available in multivariate as the Wishart (positive
definite matrices).



Gamma PDF 1

p(yla, b)

0 ! ! il i J
0 05 1 15 2 25
y, height/m

Figure : The Gamma PDF with a = 127 and b = 75. Here it represents
the heights of a population of students and constrains them positive.



Gamma PDF 1

p(yla, b)

0 : ! | :
05 0 05 1 15 2 25

y, height/m

Figure : The Gamma PDF with a = 127 and b = 75 alongside a
Gamma PDF witha =3 and b = 3.



Categorical Distribution

Multiple outcomes, example: die roll.

die role | probability y
1 e [100000]
2 ) [010000]
3 T3 [001000]
4 iy [000100]
5 Ue [000010]
6 Tig [000001]
P(y) = [T, '



Multinomial Distribution

» Generalization of categorical to
multiple trials.

» Generalization of binomial to
multiple outcomes. Proportion of
each colour ball is now ;.

» Sample with replacement.
Multinomial gives the distribution
of number of each of k different
balls, y, from S extractions

Hn

zlylll

P(yln, S) =

» Mean for each colour is given by Sm;
and variance S7t;(1 — 71;).



Distributions as Functions

» Probability distribution with a simple table can be limiting.
» The Poisson Distribution — a distribution a a function

» First published by Siméon Denis Poisson (1781-1840) in
1837.

» Defined over the space of all non-negative integers.

» This set is countably infinite: impossible to summarise in a
table!

» The Poisson distribution is therefore defined as
yy
P(ylu) = o &P (=) @)

where y is any integer from 0 to oo, and y is a parameter of
the distribution.



A Poisson with u =2

» To work out the probability of y in a Poisson y = 2 we can
start filling a table.

» The values in a table are computed from (4)
Ly [ o [t ]2 ].]
| P(y) ] 0.135]0.271 [ 0271 | ... |

Table : Some values for the Poisson distribution with u = 2.



P(ylu)

Figure : The Poisson distribution for y = 2. Mean is given by u (red

line), standard deviation is given by /i (magenta lines show 2
standard deviations).



Gaussian Noise

2 - p (X%, y) -

0 ! ! ! !
-3 -2 -1 0 1 2 3 4

Figure : Inclusion of a data point with Gaussian noise.




Gaussian Noise

2 p(EXx,y)

0 | | |
-3 -2 -1 0 1 2 3 4

Figure : Inclusion of a data point with Gaussian noise.




Gaussian Noise

2 - p(flX,x,y) -
1 p (flX,x, ¥, ye)
0 | | |

3 2 - 0 1 2 3 4

Figure : Inclusion of a data point with Gaussian noise.



Classification Noise Model

Probit Noise Model
i = g
1 1
=
= 05 - s
QU
0 |

Figure : The probit model (classification). The plot shows p (y|f;) for
different values of y;. For we have

pilf) = o (f) = [1 N (=0,1) d.



Ordinal Noise Model

Ordered Categories
=1
1/
:':_\i‘
2 05 -
QU
0

fi

Figure : The ordered categorical noise model (ordinal regression).

The plot shows p (yilf;) for different values of y;. Here we have
assumed three categories.



Null Category Noise Model

Classification with a Missing Category

1 /1':_‘1
:-:_\i‘
> 05
QU
O | |

fi

Figure : The null category noise model (semi-supervised learning).

The plot shows p (yilf;) for different values of y;. Here we have
assumed three categories.



Non-linear Response Functions

» Non Gaussian likelihood:

p(yilfi) = O(f))

» Exact computation of the posterior is no longer possible
analytically.

(i) = POz pilf)
[p® T, pyil f)df




Link Functions

» Take the output of our function, f(-) use as:

» Success probability in binomial distribution.
» Rate function in Poisson likelihood.
» shape parameter of Gamma distribution.

» Problem: f(-) defined over real line.

» Needs to be squashed down to 0-1 or constrained positive.



Link Functions

» Log link function, model the log rate.
log A(x) = f(x)
» Logit link function, model the log odds.

log 7t(x)

log(1 — n(x)) f®



Generative Model

» From a generative perspective we often naturally think of
the inverse link:

Ax) = exp(f(x))

B 1
00 = T exp (- F )

» Can make some assumptions of the link function clearer.
For example log additive link function:

log A(x) = fi(x) + f2(x)

is a product of functions:

A(x) = exp(f1(x)) exp(f2(x))



Example: Logit/Probit Link Function

Latent variable

Likelihood function

— Realizations

of f;

— I

(y; =1




Laplace Approximation

» Second order Taylor expansion at mode of log likelihood.
» First suggested by Laplace for his English dice example.

» How Laplace independently (of de Moivre) reinvented the
Gaussian density.



Laplace Approximation

log p(fly) = log p(ylf) + log p(f) + const

1 _
log p(tly) = log p(ylf) - EfTKfflf

» Find MAP estimate f. This is mean of Gaussian
approximation.

» Find Hessian of this system.

» Covariance of approximation is —H™".

_ [d2 logp(ylf)) K
dfidf; ), ff



Expectation Propagation: General Case

» Exact (intractable) posterior:

p(sty) = PO Pilf)
[p® T, pyil f)df

» EP posterior approximation:

T1E, t(f)

fly) =
qltly) = =7



Expectation Propagation: Gaussian Approximation

Consider the special case:
pilfi) ~ ti(fi) = ZiN (pulfi, 57)
Here Z; is a scaling factor so ¢; is unnormalized.

If
p(f) ~ N (0,Kg).

No approximation needed.



EP Posterior Approximation

Tt F)p(f

Site functions provide “fake Gaussian observations” with

target value I; and observation variance 2.

Zer = [ 2 f [T (@i 62) o)
i=1 i=1

=N (flp, %)



EP Posterior Approximation

[T, ZiN (fulfi 62) p(8)
q(fly) = ~
EP

Site functions provide “fake Gaussian observations” with

target value (i; and observation variance 6?.

Zer =] 2 f [T (nilfi62) po)at
i=1 i=1

=N (flu, %)



Site approximations

» Given initial site approximations: ¢;(f;) for j # i.
» Need to set

ti(fi) = pyilfo)

pilfop@ | | () ~ p®) H (f)

J#L

) [ pO [Tt~ [ P(f)Ht (F)dfiei

]il

P(y1|fz)6]\z(f1 ~ (fz“lz’ Alz) i



Cavity Distribution

[T t(fp(f) a4

i(fi) =
hils [ 1L t(fy)p(6)



Tilted Distribution

p(yil fqi(fi)

pi(filyi) = >

where

2= f Py ()



Minimization of the KL divergence

p(yilfigu(fi )
i, 6; = argmm KL(—Z IIN(ﬁ fi, & Z)

This is the KL between tilted distribution and marginal of
approximation.
Since the approximation is Gaussian, KL is minimal when:

> [ = {fdpwitfa(h)
2 ~2
= S ~ i



Scale of Site Approximation

» Since the approximation is un-normalized, we set scale as
follows:

2= f P TS



Classification Noise Model

Probit Noise Model
i = g
1 1
=
= 05 - s
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Figure : The probit model (classification). The plot shows p (y|f;) for
different values of y;. For we have

pilf) = o (f) = [1 N (=0,1) d.



Classification

3 F T T T
p (fX, %, y)

0 ! ! !
-3 -2 -1 0 1 2 3

Figure : An EP style update with a classification noise model.




Classification

3F ‘ ‘ ‘ =
p (fIX, %, y)

0 ! ! !
-3 -2 -1 0 1 2 3

Figure : An EP style update with a classification noise model.




Classification

3F ‘ ‘ ‘ .
p (fX,x.,y)

2 p(fX,x,y, ) -

1+

0 | | |

-3 -2 -1 0 1 2 3

Figure : An EP style update with a classification noise model.



Classification

3F ‘ ‘ ‘ .
p (fIX, X, y)

2 b p(fX,x,y, ) -
q (fX,x.,y)

1+

0 | |

-3 -2 -1 0 1 2 3

Figure : An EP style update with a classification noise model.



Ordinal Noise Model

Ordered Categories
=1
1/
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Figure : The ordered categorical noise model (ordinal regression).

The plot shows p (yilf;) for different values of y;. Here we have
assumed three categories.



Ordinal Regression

p (fX x., y)

0 \ ! \
-3 -2 -1 0 1 2 3

Figure : An EP style update with an ordered category noise model.




Ordinal Regression

p (fX x., y)

0 ! ! \
-3 -2 -1 0 1 2 3

Figure : An EP style update with an ordered category noise model.




Ordinal Regression

.l i
p(fX, x.,y)
N | i
p (FIX, X, y, y)
| i
| i
0 ‘ T

-3 -2 -1 0 1 2 3

Figure : An EP style update with an ordered category noise model.



Ordinal Regression

4 B -
p (fX ., y)
3 B -
p (fX |X/ X, y, y*)
2 B q(f*lxrx*/y) B
1 B -
0 ‘ o

-3 -2 -1 0 1 2 3

Figure : An EP style update with an ordered category noise model.



Null Category Noise Model

Classification with a Missing Category

1 /1':_‘1
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Figure : The null category noise model (semi-supervised learning).

The plot shows p (yilf;) for different values of y;. Here we have
assumed three categories.



Semi-supervised Learning

p(£IXx.,y)
T T T

0 \ ! \
-3 -2 -1 0 1 2 3

Figure : An EP style update with an null category noise model.




Semi-supervised Learning

p(£IXx.,y)
T T T

0 ! ! \
-3 -2 -1 0 1 2 3

Figure : An EP style update with an null category noise model.




Semi-supervised Learning

p (LX x., y)
T T T

p (f*|X/ X, y, }/‘)

0 \ \ !
-3 -2 -1 0 1 2 3

Figure : An EP style update with an null category noise model.




Semi-supervised Learning

p (flX, %, y)
T T T

3t i
p(fX, %, y, )

s q (fX, x.,y)

]_ A

0 | | |

-3 -2 -1 0 1 2 3

Figure : An EP style update with an null category noise model.



Predictions

» Predictive distribution of g(f.ly) is also Gaussian:
-1 _
Flaggay = (Kee + =) o

var (f.) = k.. — k/ (Kf,f + Et)_l k.



Example: People who speak an indigenous language

latitude

21.0

e o Lessthan 100 speakers
205 © o Atleast 100 speakers

-92.0 -91.5 -91.0 -90.5 -90.0 -89.5 -89.0
longitude



Example: People who speak an indigenous language

latitude

longitude



Posterior variance update

» Complexity is dominated by the computation of the
posterior covariance:

> = (Kfj} + 2;1)'1



Sparse EP

> q(fly) is computed as before, but an sparse approximation
is used instead of the exact covariance K.

» FITC approximation: O(nm?)
K ~ Keu K,y Ky g + diag (Kf,f - Qf,f)
» DTC approximation: O(nm?)

N -1
K ~ Ke oKy o Ko s



EP-FITC (generalized FITC)

latitude

longitude



EP-DTC

Compatible with sparse variational approach:

L= 10gN(Ht|0, Qg + Et) - %tr ((Kf,f - Qf,f)zti) —Zgp



Sparse variational + EP-DTC

latitude

longitude
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Motivation for Non-Linear Dimensionality Reduction

USPS Data Set Handwritten Digit

» 3648 Dimensions

» 64 rows by 57
columns
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Motivation for Non-Linear Dimensionality Reduction

USPS Data Set Handwritten Digit

» 3648 Dimensions

> 64 rows by 57 AT e S M
columns %_-_!%E_%ﬁﬁ E;_'i-‘

» Space contains more - "=-_E|"'E‘-:.. f-‘
than just this digit. o ) ﬂ_}'-"-_'r.'.-' o

» Even if we sample I:".l._- -.'-"-": ':'.-.:_i_::-'.:-iﬁ{:
every nanosecond J._:;".:-::- 5-:' o '_'.'_’_'-
from now until the r J_-.:z"- S -
end of the universe, ST _.;-:'E_#_ gl

you won't see the
original six!



Motivation for Non-Linear Dimensionality Reduction

USPS Data Set Handwritten Digit

» 3648 Dimensions

> 64 rows by 57 S IR TR
columns E—.:.' ?:.-':':.:-' _,:':'-'. T
» Space contains more w-ﬂ'% ',;'- L |I..:5.'--_.g=:I
than just this digit. et 1 ..:a:.'-:.;-;-_l.:'-' -
» Even if we sample ARt ]

every nanosecond
from now until the
end of the universe,
you won't see the
original six!
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Simple Model of Digit

Rotate a 'Prototype’




MATLAB Demo

demDigitsManifold([1 2], 'all’)



MATLAB Demo

demDigitsManifold([1 2], ’'all’)

PCno?2




MATLAB Demo

demDigitsManifold([1 2], ’‘sixnine’)

0.1

0.05 -

PCno?2
&D
[




Low Dimensional Manifolds

Pure Rotation is too Simple

» In practice the data may undergo several distortions.
» e.g. digits undergo ‘thinning’, translation and rotation.
» For data with ‘structure”:

» we expect fewer distortions than dimensions;
» we therefore expect the data to live on a lower dimensional
manifold.

» Conclusion: deal with high dimensional data by looking
for lower dimensional non-linear embedding.



Existing Methods

Spectral Approaches

» Classical Multidimensional Scaling (MDS) (Mardia et al., 1979).
» Uses eigenvectors of similarity matrix.

> Isomap (Tenenbaum et al., 2000) is MDS with a particular
proximity measure.

» Kernel PCA (Scholkopf et al., 1998)

» Provides a representation and a mapping — dimensional
expansion.

» Mapping is implied throught he use of a kernel function as a
similarity matrix.

» Locally Linear Embedding (Roweis and Saul, 2000).

> Looks to preserve locally linear relationships in a low
dimensional space.



Existing Methods II

Iterative Methods

» Multidimensional Scaling (MDS)

» Iterative optimisation of a stress function (Kruskal, 1964).
» Sammon Mappings (Sammon, 1969).

> Strictly speaking not a mapping — similar to iterative MDS.
» NeuroScale (Lowe and Tipping, 1997)

» Augmentation of iterative MDS methods with a mapping.



Existing Methods III

Probabilistic Approaches

» Probabilistic PCA (Tipping and Bishop, 1999; Roweis, 1998)

» A linear method.
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Existing Methods III

Probabilistic Approaches

» Probabilistic PCA (Tipping and Bishop, 1999; Rowetis, 1998)

» A linear method.
» Density Networks (MacKay, 1995)

» Use importance sampling and a multi-layer perceptron.
» Generative Topographic Mapping (GTM) (Bishop et al., 1998)

» Uses a grid based sample and an RBF network.
Difficulty for Probabilistic Approaches

» Propagate a probability distribution through a non-linear
mapping.



The New Model

A Probabilistic Non-linear PCA

» PCA has a probabilistic interpretation (Tipping and Bishop, 1999;
Roweis, 1998).

» It is difficult to ‘non-linearise’.
Dual Probabilistic PCA

» We present a new probabilistic interpretation of PCA
(Lawrence, 2005).

» This interpretation can be made non-linear.

» The result is non-linear probabilistic PCA.



Notation

g— dimension of latent/embedded space
p— dimension of data space
n— number of data points

centred data, Y = [y1,... ,ynl:]T = [y:,1, .. .,y;,p] € RXp
latent variables, X = [x1, ... ,xn,;]T = [lel, . ,x:,q] € R"™1
mapping matrix, W € RP*1

a;. is a vector from the ith row of a given matrix A
a, j is a vector from the jth row of a given matrix A



Reading Notation

Xand Y are design matrices

» Covariance given by n 1YTY.
» Inner product matrix given by YY'.



Linear Dimensionality Reduction

Linear Latent Variable Model

» Represent data, Y, with a lower dimensional set of latent
variables X.

» Assume a linear relationship of the form
Yi. = Wxi,: + €.,

where

€ ~ N (0,0°1).



Linear Latent Variable Model

Probabilistic PCA

» Define linear-Gaussian
relationship between W
latent variables and
data.
< 52

n
pOYIX, W) = [T (yi:Wxi., 01)
i=1



Linear Latent Variable Model

Probabilistic PCA
» Define linear-Gaussian
relationship between W
latent variables and
data.
» Standard Latent «—?2
variable approach:

n
pOYIX, W) = [T (yi:Wxi., 01)
i=1



Linear Latent Variable Model

Probabilistic PCA
» Define linear-Gaussian
relationship between
latent variables and )
data. < o
» Standard Latent
variable approach:

» Define Gaussian prior p(YIX, W) = ﬁ N(y,uIlen aZI)
over latent space, X. i=1 ' '

P00 =N (x:l0,1)

i=1



Linear Latent Variable Model

Probabilistic PCA

» Define linear-Gaussian
relationship between
latent variables and
data.

» Standard Latent
variable approach:

» Define Gaussian prior
over latent space, X.

> Integrate out latent
variables.

p(YIX, W) = H N (yi:Wx;,, 1)

i=1

p) =[N (x:10)
i=1

p(YIW) = ﬁ N (yi:0, WWT + 621)
i=1



Computation of the Marginal Likelihood

Yi: = Wxi,: +€. X~ N(Or I) ; €™ N(O/ 021)



Computation of the Marginal Likelihood
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Computation of the Marginal Likelihood

Yi: = wxi,: +€. X~ N(Or I) ; €™ N(O/ UZI)

Wx;. ~ N (0,WWT),

Wx;. + €.~ N (0, WWT + GZI)



Linear Latent Variable Model 11

Probabilistic PCA Max. Likelihood Soln (Tipping and Bishop, 1999)

|
G

=

p(YIW) = [ | N (yilo, WWT + 671)
i=1



Linear Latent Variable Model 11

Probabilistic PCA Max. Likelihood Soln (Tipping and Bishop, 1999)

p(YW) = [ [N (:10,0), C=WWT +cI
i=1



Linear Latent Variable Model 11

Probabilistic PCA Max. Likelihood Soln (Tipping and Bishop, 1999)

p(YW) = [ [N (:10,0), C=WWT +cI
i=1

1
logp (YIW) = —g log |C| - Etr (C_lYTY) + const.



Linear Latent Variable Model 11

Probabilistic PCA Max. Likelihood Soln (Tipping and Bishop, 1999)

p(YW) = [ [N (:10,0), C=WWT +cI
i=1

1
logp (YIW) = —g log |C| - Etr (C_lYTY) + const.

If U, are first g principal eigenvectors of 1YY and the
corresponding eigenvalues are A,



Linear Latent Variable Model 11

Probabilistic PCA Max. Likelihood Soln (Tipping and Bishop, 1999)

p(YW) = [ [N (:10,0), C=WWT +cI
i=1

1
logp (YIW) = —g log |C| - Etr (C_lYTY) + const.

If U, are first g principal eigenvectors of 1YY and the
corresponding eigenvalues are A,

N=

W=U[LRT, L=(A;-0%)

where R is an arbitrary rotation matrix.



Linear Latent Variable Model 111

Dual Probabilistic PCA

» Define linear-Gaussian
relationship between X
latent variables and
data.

< —52

n
p (X W) = [ [V (yi:Wxi., 1)
i=1



Linear Latent Variable Model 111

Dual Probabilistic PCA

» Define linear-Gaussian
relationship between
latent variables and
data.

» Novel Latent variable
approach:

< —52

n
p (X W) = [ [V (yi:Wxi., 1)

i=1



Linear Latent Variable Model 111

Dual Probabilistic PCA
» Define linear-Gaussian X
relationship between
latent variables and
data. < a2

» Novel Latent variable
approach:

. . . n
» Define Gaussian prior P (YIX, W) = H Ny W, 01)
over parameters, W. i1

—

Il
—-

pW) = [ [ ~(wilo,1)

I:



Linear Latent Variable Model 111

Dual Probabilistic PCA

» Define linear-Gaussian
relationship between
latent variables and
data.

» Novel Latent variable
approach:

» Define Gaussian prior
over parameters, W.

» Integrate out
parameters.

< —52

n
pOIXW) = [T (3 Wi, 01)
i=1

4
pW) =[N (wilo7)

i=1

14
p o) = [ [ AV (3,10, XX +01)
=1



Computation of the Marginal Likelihood

V. =Xwjtej, wi~N@©OI), €.~N(001)
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Computation of the Marginal Likelihood

V. =Xwjtej, wi~N@©OI), €.~N(001)

Xw.; ~ N (0,XX"),

Xw.;+ei~N (0, XX + 021)



Linear Latent Variable Model IV

Dual Probabilistic PCA Max. Likelihood Soln (Lawrence, 2004,
2005)

1‘
-

p
pOYX) = [ AV (3410, XX + 01)
j=1



Linear Latent Variable Model IV
Dual PPCA Max. Likelihood Soln (Lawrence, 2004, 2005)

p
p) = [[N(y.10.K), K=XXT+0
=1



Linear Latent Variable Model IV
PPCA Max. Likelihood Soln (Tipping and Bishop, 1999)

p
p) = [[N(y.10.K), K=XXT+0
=1

logp (YIX) = —g log K| — %tr (K‘lYYT) + const.



Linear Latent Variable Model IV
PPCA Max. Likelihood Soln

p
p) = [[N(y.10.K), K=XXT+0
=1

logp (YIX) = —= log K| — —tr (K™'YYT) + const.

It U are first g principal eigenvectors of p~lYYT and the
corresponding eigenvalues are A,



Linear Latent Variable Model IV
PPCA Max. Likelihood Soln

p
p) = [[N(y.10.K), K=XXT+0
=1

logp (YIX) = —= log K| — —tr (K™'YYT) + const.

It U are first g principal eigenvectors of p~lYYT and the
corresponding eigenvalues are A,

X=UJLR", L=(A,- 021)%

where R is an arbitrary rotation matrix.



Linear Latent Variable Model IV

Dual PPCA Max. Likelihood Soln (Lawrence, 2004, 2005)

p
p(YIX) = H N(y:j10,K), K=XXT+0
j=1

logp (YIX) = —-% log K| - —tr( _1YYT) + const.

If U are first g principal eigenvectors of p~lYYT and the
corresponding eigenvalues are A,

X=ULR", L=(A,- azl)%

where R is an arbitrary rotation matrix.



Linear Latent Variable Model IV

PPCA Max. Likelihood Soln (Tipping and Bishop, 1999)

p(YW) = [[ N (3:10,C), C=WWT +4%
i=1

logp (YIW) = —g log|C| - %tr (C_lYTY) + const.

If U, are first g principal eigenvectors of n7'Y"Y and the
corresponding eigenvalues are A,

W=ULR", L=(A,- 021)%

where R is an arbitrary rotation matrix.



Equivalence of Formulations

The Eigenvalue Problems are equivalent

» Solution for Probabilistic PCA (solves for the mapping)

Y'YU,=U,A, W=ULR"

» Solution for Dual Probabilistic PCA (solves for the latent
positions)
YYTU,'] = U;Aq X= U,;LRT

» Equivalence is from

[N

U, =YTUA,



Non-Linear Latent Variable Model

Dual Probabilistic PCA

» Define linear-Gaussian
relationship between
latent variables and
data.

» Novel Latent variable
approach:

» Define Gaussian prior
over parameteters, W.

> Integrate out
parameters.

< —52

p(YIX, W) = H N (yi:Wxi,, 1)

i=1

r
pW) =[]~ (wilo1)

i=1

p
pOX) = [TV (v.10,XX7 +021)
j=1



Non-Linear Latent Variable Model

Dual Probabilistic PCA

» Inspection of the
marginal likelihood
shows ...

< —52

p(YIX) =

T

4
N (y,710,XXT + 0?1}
=1



Non-Linear Latent Variable Model

Dual Probabilistic PCA

» Inspection of the
marginal likelihood X
shows ...
» The covariance matrix

is a covariance < o2
function.

p
p ) = [ [N (310, K)
=1

K =XX" + %I



Non-Linear Latent Variable Model

Dual Probabilistic PCA

» Inspection of the
marginal likelihood
shows ...

» The covariance matrix
is a covariance
function.

» We recognise it as the
‘linear kernel’.

o

p
P = [ [N (y00.K)
=1

K =XX" + %I

This is a product of Gaussian processes

with linear kernels.



Non-Linear Latent Variable Model

Dual Probabilistic PCA

» Inspection of the
marginal likelihood
shows ...

» The covariance matrix
is a covariance
function.

» We recognise it as the
‘linear kernel’.

» We call this the
Gaussian Process
Latent Variable model
(GP-LVM).

o

P
P = [N (y00.K)
j=1

K =?

Replace linear kernel with non-linear

kernel for non-linear model.



Non-linear Latent Variable Models

Exponentiated Quadratic (EQ) Covariance

» The EQ covariance has the form k; j = k (xi,:, xj,:) , Where

2
i - Xf,:||z]

k(xi,:,xj,:) = aexp [— 7

» No longer possible to optimise wrt X via an eigenvalue
problem.

» Instead find gradients with respect to X, a, £ and 02 and
optimise using conjugate gradients.



Applications

Style Based Inverse Kinematics

» Facilitating animation through modeling human motion
(Grochow et al., 2004)

Tracking

» Tracking using human motion models (Urtasun et al., 2005, 2006)
Assisted Animation

» Generalizing drawings for animation (Baxter and Anjyo, 2006)
Shape Models

» Inferring shape (e.g. pose from silhouette). (Ek et al., 2008b,a;
Priacuriu and Reid, 2011a,b)



Example: Latent Doodle Space

(Baxter and Anjyo, 2006)
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http://vimeo.com/3235882


http://vimeo.com/3235882

Example: Latent Doodle Space

(Baxter and Anjyo, 2006)

Generalization with much less Data than Dimensions

» Powerful uncertainly handling of GPs leads to surprising
properties.

» Non-linear models can be used where there are fewer data
points than dimensions without overfitting.



Prior for Supervised Learning

(Urtasun and Darrell, 2007)

» We introduce a prior that is based on the Fisher criteria

p(X) oc exp {—%tr (SZ—UlSh)} ,

d

with S;, the between class matrix and S;, the within class
matrix




Prior for Supervised Learning

(Urtasun and Darrell, 2007)

» We introduce a prior that is based on the Fisher criteria

p(X) oc exp {—%tr (S;}Sb)} ,

d

with S;, the between class matrix and S;, the within class
matrix

Sw =

1

L
(M; — Mo)(M; — My)"
-1

2|3

where X0 = [xgi), e, x,(;?] are the n; training points of class
i, M; is the mean of the elements of class i, and My is the
mean of all the training points of all classes.



Prior for Supervised Learning

(Urtasun and Darrell, 2007)

» We introduce a prior that is based on the Fisher criteria

p(X) oc exp {—%tr (S;}Sb)} ,

d

with S;, the between class matrix and S;, the within class
matrix

L

"
Sw = Z #(Mi —Mo)(M; — Mp) "
i1

L

Si=y.,

1% o) (i) T
— X, — M)’ —M;
> [ g O - M) - M)

; i i .. .
where X = [x(l), e, x;?] are the n; training points of class
2 MNA. ica tlhA vvamins ~L A AlAarmarimnte AL ATAca 1 Aanm A N 3o A




Prior for Supervised Learning

(Urtasun and Darrell, 2007)

» We introduce a prior that is based on the Fisher criteria

p(X) oc exp {—%tr (S;}Sb)} ,

d

with S;, the between class matrix and S;, the within class
matrix




GaussianFace

(Lu and Tang, 2014)

» First system to surpass human performance on cropped
Learning Faces in Wild Data.
http://tinyurl.com/nkt%9a38

» Lots of feature engineering, followed by a Discriminative
GP-LVM.

0.98-~" e
L
0.9 B / .

0.94 1 A
oself A~
g

0.88 1 High dimensional LBP (95.17%) [Chen et al. 2013]
Fisher Vector Faces (93.03%) [Simonyan etal. 2013]

TL Joint Bayesian (96.33%) [Cao etal. 2013]

true positive rate
o

0.86 [f7-

Y

Figure 5: The two rows present examples of matched anc
i hed pairs respectively from LFW that were incorrectly

0.84 ~— Human, cropped (97.53%) [Kumar etal. 2009]
DeepFace-ensemble (97.35%) [Taigman etal. 2014]
0.82 ConwNet-RBM (92.52%) [Sun etal. 2013]

----- GaussianFace-FE + GaussianFace-BC (98.52%)

0.8

0.05 01 0.18 02 classified by the GaussianFace model.
false positive rate
Figure 4: The ROC curve on LFW. Our method achieves the best Conclusion and Future Work

performance. beatine human-level performance. I R


http://tinyurl.com/nkt9a38
http://arxiv.org/abs/1404.3840

Continuous Character Control

(Levine et al., 2012)

» Graph diffusion prior for enforcing connectivity between
motions.
- d
log p(X) = w Z log Kij
ij

with the graph diffusion kernel K? obtain from
d_ - _ -2yl
Kij = exp(fH) with H=-T“LT

the graph Laplacian, and T is a diagonal matrix with
Tii = X w(xi, X)),

{Xk w(x;, xg) ifi=j
L,‘j =

—w(x;,x;)  otherwise.

and w(x;, x;) = [Ix; — x;||”7 measures similarity.



Character Control: Results



Other Topics

v

Local distance preservation
Dynamical models
Hierarchical models
Bayesian GP-LVM

v

v

v



Back Constraints [

Local Distance Preservation (Lawrence and Quifionero Candela, 2006)

» Most dimensional reduction techniques preserve local
distances.

» The GP-LVM does not.
» GP-LVM maps smoothly from latent to data space.

» Points close in latent space are close in data space.
» This does not imply points close in data space are close in
latent space.

» Kernel PCA maps smoothly from data to latent space.

» Points close in data space are close in latent space.
» This does not imply points close in latent space are close in
data space.



Back Constraints I1

Forward Mapping (demBackMapping in oxford toolbox)

» Mapping from 1-D latent space to 2-D data space.

y1=x*—-05, yp=-2>+05

]Ro
=Ro



Back Constraints I1

Forward Mapping (demBackMapping in oxford toolbox)

» Mapping from 1-D latent space to 2-D data space.

y1=x*—-05, yp=-2>+05

]Ro
=Ro



Back Constraints I1

Forward Mapping (demBackMapping in oxford toolbox)

» Mapping from 1-D latent space to 2-D data space.

y1=x2-05, y,=—2*+05

Y1
Y2 ‘

Ko
Ko



Back Constraints I1

Backward Mapping (demBackMapping in oxford toolbox)

» Mapping from 2-D data space to 1-D latent.

x=05(3+13+1)

8e
8]e




Back Constraints I1

Backward Mapping (demBackMapping in oxford toolbox)

» Mapping from 2-D data space to 1-D latent.
pping P

x=05(3+13+1)

8e
8]e




Back Constraints I1

Backward Mapping (demBackMapping in oxford toolbox)

» Mapping from 2-D data space to 1-D latent.

x:O.S(y%+y§+1)

) 05 15

]e



NEUROSCALE

Multi-Dimensional Scaling with a Mapping

» Lowe and Tipping (1997) made latent positions a function
of the data.

xij = fj(yizv)
» Function was either multi-layer perceptron or a radial
basis function network.
» Their motivation was different from ours:

» They wanted to add the advantages of a true mapping to
multi-dimensional scaling.



Back Constraints in the GP-LVM

Back Constraints

» We can use the same idea to force the GP-LVM to respect
local distances.(Lawrence and Quifionero Candela, 2006)

» By constraining each x; to be a ‘smooth’ mapping from y;
local distances can be respected.

» This works because in the GP-LVM we maximise wrt
latent variables, we don’t integrate out.
» Can use any ‘smooth’ function:

1. Neural network.
2. RBF Network.
3. Kernel based mapping.



Optimising BC-GPLVM

Computing Gradients

» GP-LVM normally proceeds by optimising
L(X) = logp (YIX)

with respect to X using g—)L(.
» The back constraints are of the form

xij = fi(yisv)

where v are parameters.

» We can compute % via chain rule and optimise parameters
of mapping.



Motion Capture Results

demStickl and demStick3

Figure : The latent space for the motion capture data with (right) and
without (left) back constraints.



Motion Capture Results
demStickl and demStick3

1.5

1

Yy 4’ '/

-06 -04 -02 0

Figure : The latent space for the motion capture data with (right) and
without (left) back constraints.



Stick Man Results

demStickResults

(@) (b) (© (d)

Projection into data space from four points in the latent space. The
inclination of the runner changes becoming more upright.



Adding Dynamics

MAP Solutions for Dynamics Models

» Data often has a temporal ordering.
» Markov-based dynamics are often used.
For the GP-LVM

» Marginalising such dynamics is intractable.
» But: MAP solutions are trivial to implement.

v

v

Many choices: Kalman filter, Markov chains efc..

v

Wang et al. (2006) suggest using a Gaussian Process.



Gaussian Process Dynamics

GP-LVM with Dynamics

» Autoregressive Gaussian process mapping in latent space
between time points.

- —




Gaussian Process Dynamics

GP-LVM with Dynamics

» Autoregressive Gaussian process mapping in latent space
between time points.

T T—




Gaussian Process Dynamics

GP-LVM with Dynamics

» Autoregressive Gaussian process mapping in latent space
between time points.

I —

t t+1



Motion Capture Results

demStickl and demStick?2

Figure : The latent space for the motion capture data without
dynamics (left), with auto-regressive dynamics (right) based on an
exponentiated quadratic kernel.



Motion Capture Results

demStickl and demStick?2

1.5

=

-

-4 -2 0 2 4

Figure : The latent space for the motion capture data without
dynamics (left), with auto-regressive dynamics (right) based on an
exponentiated quadratic kernel.



Regressive Dynamics

Inner Groove Distortion
» Autoregressive
unimodal dynamics,
p (Xelxi-1) -
» Forces spiral
visualisation.

» Poorer model due to
inner groove distortion.



Regressive Dynamics

Direct use of Time Variable

» Instead of auto-regressive dynamics, consider regressive
dynamics.

» Take t as an input, use a prior p (X|t).
» User a Gaussian process prior for p (X|t).

» Also allows us to consider variable sample rate data.



Motion Capture Results

demStickl, demStick?2 and demStick5

Figure : The latent space for the motion capture data without
dynamics (left), with auto-regressive dynamics (middle) and with
regressive dynamics (right) based on an exponentiated quadratic
kernel.



Motion Capture Results

demStickl, demStick2 and demStick5

b

=

Figure : The latent space for the motion capture data without
dynamics (left), with auto-regressive dynamics (middle) and with
regressive dynamics (right) based on an exponentiated quadratic
kernel.



Hierarchical GP-LVM

(Lawrence and Moore, 2007)

Stacking Gaussian Processes

» Regressive dynamics provides a simple hierarchy.
» The input space of the GP is governed by another GP.

» By stacking GPs we can consider more complex
hierarchies.

» Ideally we should marginalise latent spaces

» In practice we seek MAP solutions.



Two Correlated Subjects

(Lawrence and Moore, 2007)

Both Subjects

B}

i

2 XXKXXXX’XB
T4 o
o % el
2 S /{3\ }}/W\
Subject 1 \ubject 2
,Axxxxi‘} 1 T m&
i ¥ e, C of
S | AT
I
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Figure : Hierarchical model of a "high five’.



Within Subject Hierarchy
(Lawrence and Moore, 2007)

Decomposition of Body

PN

N

head

aht abdomen
ri arm
left arm g leftleg right leg

Figure : Decomposition of a subject.



Single Subject Run/Walk

(Lawrence and Moore, 2007)
' :XX A B c
e 5| e §
S - <§ $ 1\
D E F

Figure : Hierarchical model of a walk and a run.




Selecting Data Dimensionality

v

GP-LVM Provides probabilistic non-linear dimensionality
reduction.

v

How to select the dimensionality?

v

Need to estimate marginal likelihood.

v

In standard GP-LVM it increases with increasing g.



Integrate Mapping Function and Latent Variables

Bayesian GP-LVM

» Start with a standard
GP-LVM.

4
pOX) = [ [N (y.0.K)
j=1



Integrate Mapping Function and Latent Variables

Bayesian GP-LVM

» Start with a standard
GP-LVM.

» Apply standard latent
variable approach:

» Define Gaussian prior
over latent space, X.

4
pOX) = [ [N (y.0.K)
j=1



Integrate Mapping Function and Latent Variables

Bayesian GP-LVM
» Start with a standard

GP-LVM.

» Apply standard latent
variable approach:
» Define Gaussian prior

over latent space, X.
> Integrate out latent

variables.

r
p () = [[ N (y:00.K)

i1

-

q
p(X) = H N(x:,]-IO, al._zl)



Integrate Mapping Function and Latent Variables

Bayesian GP-LVM

» Start with a standard
GP-LVM.

» Apply standard latent a2
variable approach:

> Define Gaussian prior
over latent space, X.

r
» Integrate out latent p(YIX) = H N (y.10,K)
variables. j=1
» Unfortunately
. . q
integration is -2
. X) = N(x.il0,a; "1
intractable. P9 g ( ! )

p (Yloy) =22



Standard Variational Approach Fails

» Standard variational bound has the form:

L = (log p(ylX)),x) + KL (g(X) [ p(X))



Standard Variational Approach Fails

» Standard variational bound has the form:

L = (log p(ylX)),x) + KL (g(X) [ p(X))

» Requires expectation of log p(y|X) under g(X).

1 -1 1 n
log p(ylX) = —EyT (Kf,f + 021) y=35 log |Kf,f + 021|—§ log2m



Standard Variational Approach Fails

» Standard variational bound has the form:

L = (log p(ylX)),x) + KL (g(X) [ p(X))

» Requires expectation of log p(y|X) under g(X).
log p(ylX) = Lo (K + 021)_1 L lo |K + cf21|—E log2m
eP\y FY \Bif Y5108 Rt 5 08

» Extremely difficult to compute because K¢ is dependent
on X and appears in the inverse.



Variational Bayesian GP-LVM

» Consider collapsed variational bound,

p = [[a [ N (510, 1) pwdu
i=1



Variational Bayesian GP-LVM

» Consider collapsed variational bound,

p20 > [ [or [ (51 Epiaun o°1) pludu
i=1



Variational Bayesian GP-LVM

» Consider collapsed variational bound,

[ ppopooax= [T (v By, 1) p00aXpw
=1



Variational Bayesian GP-LVM

» Consider collapsed variational bound,

[ ppopooax= [T (v By, 1) p00aXpw
=1

» Apply variational lower bound to the inner integral.



Variational Bayesian GP-LVM
» Consider collapsed variational bound,
[ pop0oax> [ TTen (v By 1) p00aXpw
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Variational Bayesian GP-LVM

» Consider collapsed variational bound,

[ pop0oax> [ TTen (v By 1) p00aXpw
=1

» Apply variational lower bound to the inner integral.
f HCiN (Y| Epitux ,UZI)P(X)dX
i=1

> <Z log Ci>
i=1 9(X)
+ <logN (yl Epetu,x) - ‘72[)>q(X)
+ KL (g(X) [ p(X))

» Which is analytically tractable for Gaussian g(X) and some
covariance functions.



Required Expectations
» Need expectations under g(X) of:

1 -
log ci = = |kii — K} Kqukiu
202 '

and

1 1 o
log N (¥1(Bpmy 0°T) = =3 log 2m0° = (y: = KeuKu)

» This requires the expectations

<Kf’“ >‘1(X)

and
<Kf,u Ka,luKu,f>q(X)

which can be computed analytically for some covariance
functions.



Priors for Latent Space

Titsias and Lawrence (2010)

» Variational marginalization of X allows us to learn
parameters of p(X).

» Standard GP-LVM where X learnt by MAP, this is not
pOSSible (see e.g. Wang et al., 2008).

» First example: learn the dimensionality of latent space.



Graphical Representations of GP-LVM

latent
space

@ data
space



Graphical Representations of GP-LVM




Graphical Representations of GP-LVM




Graphical Representations of GP-LVM




Graphical Representations of GP-LVM

w~N(@O,al) x~N(0,I)

Y~ N(xTw, 02)



Graphical Representations of GP-LVM

w~N(OI x~N(O,al

Y~ N(xTw, 02)



Graphical Representations of GP-LVM

w~N©OI x~N(QOa)

Y~ N(xTw, 02)



Graphical Representations of GP-LVM

w; ~N(O,a;) x~N(@OI)

Y~ N(xTw, 02)



Non-linear f(x)

» In linear case equivalence because f(x) = w'x
pwi) ~ N (0, a)

» In non linear case, need to scale columns of X in prior for
fX).

» This implies scaling columns of X in covariance function
1 T
k(xi,:z xj,:) = exp (_E(X:,i - x:,j) A(x:,i - X:,j))
A is diagonal with elements 2. Now keep prior spherical
9
P =[N (x0,1)
j=1

» Covariance functions of this type are known as ARD (see e g.
Neal, 1996; MacKay, 2003; Rasmussen and Williams, 2006).



Automatic dimensionality detection

* Achieved by employing an Automatic Relevance Determination
(ARD) covariance function for the prior on the GP mapping

« [~ GP(0,kf) with
2
ky(xi, %)) = 0% exp (—%25:1 Wy (Tig — Tj,q) )

Example

1
0
=t i
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Gaussian Process Dynamical Systems

2011)

7

(Damianou et al.




Gaussian Process over Latent Space

» Assume a GP prior for p(X).
» Input to the process is time, p(X|t).



Interpolation of HD Video



Modeling Multiple ‘Views’

> Single space to model correlations between two different data
sources, e.g., images & text, image & pose.

» Shared latent spaces: (Shon et al., 2006; Navaratnam et al., 2007; Ek et al.,

2008b)

» Effective when the ‘views’ are correlated.
» But not all information is shared between both “views’.

» PCA applied to concatenated data vs CCA applied to data.



Shared-Private Factorization

> In real scenarios, the ‘views’ are neither fully independent, nor
fully correlated.

» Shared models

» either allow information relevant to a single view to be
mixed in the shared signal,
» or are unable to model such private information.

» Solution: Model shared and private information (Virtanen et al.,
2011; Ek et al., 2008a; Leen and Fyfe, 2006; Klami and Kaski, 2007, 2008; Tucker,

@ X @
o)

» Probabilistic CCA is case when dimensionality of Z matches Y®
(cf Inter Battery Factor Analysis (Tucker, 1958)).



Manifold Relevance Determination

Damianou et al. (2012)

;o"'ﬂ

7

A

X7
Y
XA

Y,
)

8

Peq




Shared GP-LVM

~
WA
(210

YA

W7
,/_,,g%?@
X7\
2

Separate ARD parameters for mappings to YV and Y.



Example: Yale faces

* Dataset Y: 3 persons under all illumination conditions
* Dataset Z: As above for 3 different persons

* Align datapoints x,,and z, only based on the lighting direction

Deep Gaussian processes 29



Results

XY.Z

* Latent space X initialised with
14 dimensions

XZ
* Weights define a segmentation // ‘ \\\

of X

1283|4567 891011121314

/Xi\

12 3|4567 891011121314 Y
w

w?
*Video / demo...




Potential applications..?
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Manifold Relevance Determination
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