Sparse GP 's

Lehel Csat6

Sparsity in Gaussian Processes
Questions

Lehel Csat6

Max-Planck Institute for Biological Cybernetics
Tubingen, Germany

Gaussian Processes Round Table!

1© N. Lawrence



Outline

Sparse GP 's

Lehel Csato

e Notations
@ Gaussian processes
@ Likelihoods

e Approximations
@ Expectation propagation
@ Sparsification
@ Sparsity results
@ Comparisons

© Examples
@ Predictive densities

@ Regression



Gaussian Processes
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HEREICRAI0 Gaussian processes - notations.

@ Forinput locations X = {x4,...,Xy}, the associated
random variables f y = [f(x1),...,f(Xy)]" are
Gaussian:

Polfv) =N(py,Ky)

@ pn, and K y are samples from the
e Mean function p(x) = (f(x))
e Covariance kernel function Ko(x,x’) = (f (x)f(x'))

@ po(f|01) denotes the prior process, 0, are parameters
of the kernel function.




Data likelihood
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@ GP ’s are latent variables in the inference process.

@ Data D ={(X1,Y1),...,(Xn,Yn)} is factorising with
likelihood function:

N

P(DIf x) = [ [P(ynlf(xn),02)
n=1

0, — parameters of the likelihood function
@ The posterior process is computed using Bayes’ rule

1
Poosi) = 7 | AP (D )poltc. 1)



Problems when computing
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Poosif) = 7 | AP (D2 )polf., 1)

@ Non-Gaussian likelihoods lead to non-Gaussian
processes
@ pPuosif) Not analytically computable.
e Cannot compute the normalising

Approximations

7 :dexp(mfx)po(fx)

@ For Gaussian likelihoods

-1
posix) = kn(x)T (031 + K )

the matrix inversion becomes prohibitive.



Approximation steps
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@ Approximating the non-Gaussian posterior with a
Gaussian one:

Approximations @ retains information about values and uncertainties.
e retains non-Gaussianity when predicting:

p(y.X., D) = de*P(y*\f*, 02)Pposd )

@ Further approximation — with a sparse support set

e keeps the information up to the second order.
o speeds up the computation of ppos(f, ).



“Best” approximation to the posterior

Soaseig Approximating the posterior process pposif ) with a
Lenel Csat Gaussian process Pposi(f).

<= minimising the Kullback-Leibler divergence:

ppost(f )
p(f)

de (B(F)|Ipposif)) = de Dot l0g

The optimal GP has the first and second moments of the
non-Gaussian posterior:

i) = poX)+ > onKo(X,Xn)
n=1

Kx,x") = Kolx,x")+ Y Ko(X,Xm)CrnnKo(Xn,X)

m,n=1



Expectation propagation

@ lterating the following steps (ADATAP, Exp.Cons.):

e For each n define the approximation that excludes n:

p\n (f)
@ Build an approximation to the likelihood P (y,|f,, 02):

Expectation propagation

P\n(fn) P(ynlfn, 82) ~ (fnmn»an)d:efp\n( n) 1 (fn|mn»7\n)

Zy Zn

e The variational step: finding parameters (mp, An).

@ Result — Gaussian approximation:

H Z_n H/t\(fn‘mn,)\n)



The computational overload
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The approximating GP is “anchored” at X’:

K,x) = Kolx,x") =Y Ko(X,Xm)CrmnKo(Xn,X')

@ The computation time is cubic in data size.

@ Parameter scale quadratically <
over-parametrisation.

If data is “structured” , then there is a less redundant
representation of the same approximation.



KL-optimal sparsification

Sparse GP 's

Lehel Csat6 Sparse approximation step:

@ The GP approximation p(f) is further reduced to a
low-dimensional GP psy(f):

K (x,x") = Ko[x,x )4+ D~ KolX,X5)CrnnKo(Xn,X")
m,neByY

@ Kullback-Leibler divergence is used as minimiser:

psy(f) = argminKL (pq||P(f))
Pd €GPy

GP4 — GP ’s with d locations.

@ Optimisation is NP-complete, greedy sequential
approach.



KL-optimal sparsification II.
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Assuming |X|=d +1
@ Compute for each n € BV4,1 (cheap approx.):

KL (pnllPa-2(f))

Provides a measure of “how good” x,, is.
@ Remove the one with the minimum KL-loss.

Result
pif) o polf) JJE(fmimn, An)

with
minf sy = E [falf 51l




KL-optimisation results
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Reduced-rank GP using the Basis Vectors — BV set:

pay(f) = (usy, Ksy, BY)

Probabilistic framework;
Selection of optimal BV set via the “score” for x € BYV.
Independent of the noise/likelihood model.

Sparse posterior variance shrinked.
Shrinkage — result of conditioning but is this good?
A larger variance would probably be better.
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Comparisons

GP approximations < viewed as approx to Kyy

e

T

43 2 4 0 1 2
Nystrom,
Sparse KL = PPA

0o 1 2 3 4
Bayesian Committee,
Snelson & Ghahramani



Sparse M.L.II.
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@ The log-Evidence is approximated as

logEv = ) logZ,— > logZ,
n

+ |09de3vpo(f3v)n?(ﬂnf5v)
n

© The upper bound to the log-evid (EM)

log Ev = desvpsv(f) log Po(f )P (DI 5,)

The Evidence is better approximated using 1
but the same test errors (class).



Inference Method
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EM-EP:

Iterate the following steps

@ Fix parameters = approximate the posterior

@ Fix posterior = new model parameters.



Efficiency

Efficiency:

@ selecting a “good subset”.

@ KL-based selection — depends on the (KL-)loss.

@ Can be inefficient for different problems.

@ Measures related to the loss function — see IVM



Predictive densities for different models
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@ Gaussian likelihood involves no approximation

Lehe
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Regression example

SR G s Detecting outliers using a mixture model:
P (ynlfa,0) = 7tN(ynlfn, 0‘%) + (1 — 7)N(ynlfn, 0%)
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Likelihood not log-concave.

7, 02, and o2 estimated using MLII.

15

Mixture likelihood

10 ”®

© Normal data
¥ Outliers

10 15 20




Concerns
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@ Subset selection important for GP’s

@ Sparsification based on KL-divergence might not be
better

@ Approximations — bounds on the Evidence — speed
up computation.

Summary

@ Selection criterion should be based on model loss
function or score.



Summary
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@ lItis possible to infer the hyperparameters.
@ Sparse approximation speeds up computation without
significant loss.

@ Outlook
e Extension to two-level model specification.
e Dynamical systems.

Summary

Software (matlab) and documentation available:

http://www.tuebingen.mpg.de/ ~csatol
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