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Motivation

Construct “simple” intractable GP model

Study approximate (EC/EP) inference

“MC" conceptually simple

Get a quantitative idea why EC inference works.



Resampling (Bootstrap)

Estimate average case properties (test errors) of statistical estimators based
on a single dataset

DO — {y17 Yo, Y3}

Bootstrap: Resample with replacement — Generate pseudo data.

D1 ={y1,¥y2,¥2}, D2 ={y1,y1,y1}, D3 ={y2,¥3,¥3}, ... etc

Problem: Each sample requires retraining of some learning algorithm.

Mapping to probabilistic model & Approximate inference: Only single trai-
ning (inference) for single (effective) model required (Malzahn & Opper

2003).



PCA

e Goal: Project (d dimensional) data vectors y — F,ly] on ¢ < d dimensio-
nal subspace with minimal reconstruction error E||ly — Pq[y]||2.

e Method: Approximate expectation by N training data Dg given by the
(dx N) matrix Y = (y1,¥2,---,¥YN). ¥i € R%.
d = oo allowed (feature vectors).

Optimal subspace spanned by eigenvectors u; of data covariance matrix
1
C=-YY!
N

corresponding to the q largest eigenvalues A\; > A.



Reconstruction Error

Expected reconstruction error (on novel data)

AN = Y E@y-w)’

LA <A

Resample averaged reconstruction error

>, Tr (yz'yiT U—lulT>

Vi DN <A




Bootstrap of density of Eigenvalues
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Bootstrap (N = 50 random data, Dim = 25) 1x and 3x oversampled




T he model

Let s; = # times y; € D

Diagonal random matrix

r

1
D,;; = D; = —(s; + €d5. o) C(e) = —YDY' .
,LLI_ 19 N

C(0) < covariance matrix of the resampled data.
kernel matrix K = Y'Y

Partition function
1
J = /dNX exp [—EXT (K_l -+ D) 'x]

— |K|%|‘d/2(2ﬂ.)(N—d)/2/ddZ exp [—%ZT (C(E) i I_I)z



Z as generating function

28InZ 1
Je =0 N
_28InZ

ol

N
Z 5,0 TTY;Y; Hel(n

= g—l— TrG(IM)

with
T

_ —1 _ Uguy
G =(CO)+TD) = Zk: e

Compare with (resample averaged) reconstruction error

1
&= Ep >, Tr (yz'sz uzugf)
0 Vi D A<A




Analytical Continuation

Reconstruction error

Er = NLED >, Tr (yz'y;';r uzuér)

0 Vi D<A ]
Use representation of the Dirac § () = lim,_ o+ %m and get

£ = &9 4 /A dN er (V)

T O_|_
where
_ 1 x 1 T '
(V) = lim § 7 Ep ; 55,0 Tr (y;y] G(=X — in))

defines error density from all eigenvalues > 0 and and &9 is the contribution
from eigenspace with A, = 0.



Replica Trick

Data averaged free energy
1
—Ep[inZ] = — Iim —InEp[Z2"] ,
n—0n

for integer n:
20 = Ep[2" = [ dzy1(2) ¥o(o)

where we set x = (x1,...,Xn) and

YP1(xz) = Ep |exp {—; i XaTDXa}] Yo () = exp {—; i Xglea]
a=1 a=1

intractable!



Approximate Inference (EC: Opper & Winther)

1 T 1 1 T
p1(z) = Z—wl(fﬁ)@_/\lx o po(z) = ——e 202" %

1 Z0
with A7 and Ag “variational” parameters

7 = 71 [ do pr(@) o(a) M

~ /dfﬂ po(x) Yo(x) M = Z](E@(/\l’ No)

Match moments (z!z); = (z!z)g & Stationarity w.r.t. Ay

Final result
—InZpo = —Ep [m / Ix 6_%XT<D+(AO—/\>DX] B

_In / dx 3% (KT1HADx 4 | / dx e~ 3MNox"x

where we have set A = Ag — A1. Tractable!




Result: Artificial Data

N = 50 data, Dim = 25, 3x oversampled.

EC vs resampling
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T he PCA Reconstruction Error

(N = 32 artificial random data, Dim = 25) Approximate bootstrap 3x
oversampled
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test error versus sum of eigenvalues (training error)



Approximate Bootstrap: handwritten Digits

(N = 100 data, Dim = 784)

0.6 T

Density of eigenvalues and reconstruction error

20

1 15

101

eigenvalue A

|
0.2

0.4

|
0.6

0.8 1

| | |
1.2 14 1.6 1.8



The result without replicas

“InZ = —In /dx e 5% (D+(No—A)Dx _ In/dx e—x (K1HADx

1 1
+1n /d,x e~ 3Mox"x | S Indet(l+1)

with
Y Ao ~1 -1 )
rw—<1 AO—A+D7;>(AO<K +/\I) Iij.
Expand
00 (_1Yk+1
Indet(I—l—r):TrIn(I+r):Z( 1}1 Tr(rk)
k=1

We have Eplr;;] = 0 — 1l.order term vanishes after average, 2.order yields
on average

2
AF = —%; (/\o (K—l —I—/\I);l — 1)2 X %:ED </\o _//\\O+ D~ 1)




Correction
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Correction to resampling error

Resampled reconstruction error (A = 0)
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Correction to EC

7z(n) dk -
= [ dom@) o) N = [amaa) ML [ OB e

where x(k) = [dx p1(x) e~ T is the characteristic function of the density
P1-

Cumulant expansion starts with a quadratic term (EC)

nx(k) =~ 2KTk + R(K) | (1)

where Mo = <X£Xa>1.
Expand 4-th order term in R(k) as ef(k) =1 4+ R(k) + ... leads to AF.

Possibility of perturbative improvement?



Conclusion

e Non—Bayesian inference problems can be related to “hidden” probabili-
stic models via analytic continuation.

e EC approximate inference appears to be robust and survives analytic
continuation and limits.



