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So far...

(
y1
y2

)
∼ N

(
µ1
µ2

,

[
Σ11 Σ12
Σ21 Σ22

])

Nice properties of the Gaussian distribution:

I Marginals y1 and y2 are Gaussian.
I The sum of Gaussians is Gaussian.
I The conditional of yi given y j is Gaussian.
I The product of Gaussians is an un-normalized Gaussian:

y1y2 ∼ ZN
((
Σ−1

11 + Σ−1
22

)−1 (
Σ−1

11µ1 + Σ−1
22µ2

)
,
(
Σ−1

11 + Σ−1
22

)−1
)



So far...

Sparsity:

The covariance between any two points xi and x j is induced
through the dependence of xi and x j on {zk}

m
k=1.

0 5 10 15 20 25 300

10

20

30

40

50 Full model

0 5 10 15 20 25 300

10

20

30

40

50 Sparse model



So far...

Our observations y are a distorted version of a process f:

y = f(X) + ε

ε ∼ N(0,σ2)

p(y | f) = N(f,σ2I)



Motivation

Simple analytical solution for Gaussian likelihoods:

Gaussian prior: f ∼ GP
Gaussian likelihood:

∏n
i=1 p(yi| fi) ∼ N

(
y|f, σ2

i I
)

Gaussian posterior: p(f|y) ∝ N (f|0,Knn)N
(
y|f, σ2

i I
)

What if the likelihood is not Gaussian?

Count process: y ∈N
Classification: y ∈ {C1, ...,Ck}

Other assumptions: y ∈ [0, 1]



General case

Exact (intractable) posterior:

p(f |y) =
p(f)

∏n
i=1 p(yi | fi)∫

p(f)
∏n

i=1 p(yi | fi) df

EP posterior approximation:

q(f |y) =

∏K
i=1 ti( fi)
ZEP



Fully factorized Gaussian approximation

Consider the special case:

I p(yi | fi) ≈ ti( fi) ∝ N( fi | µ̃i, σ̃2
i ), with i = 1, . . . ,n.

I p(f) ∼ N(f | 0,Knn). Not approximation needed.

EP posterior approximation:

q(f |y) =
p(f)

∏n
i=1 t( fi)

ZEP
= N(f |µ,Σ)



Site approximations

Assume:

I Initial approximations given: t j( f j) is given for j , i.
I Interest in finding ti( fi) ≈ p(yi| fi).

p(yi| fi)p(f)
∏
j,i

t j( f j) ≈ p(f)
n∏

j=1

t j( f j)

p(yi| fi)
∫

p(f)
∏
j,i

t j( f j) d f j,i ≈

∫
p(f)

n∏
j=1

t j( f j) d f j,i

p(yi| fi)q−i( fi) ≈ N( fi | µ̂i, σ̂
2
i )Ẑi



Minimization of the KL divergence

min KL
(
p(yi| fi)q−i( fi)||N( fi | µ̂i, σ̂

2
i )Ẑ

)
Since the approximation is Gaussian, KL is minimal when:

I µ̂i = 〈 fi〉p(yi| fi)q−i( fi)

I σ̂2
i = 〈 fi〉2p(yi| fi)q−i( fi)

− µ̃2
i

Since the approximation is un-normalized, we need that:

I Ẑi =
∫

p(yi| fi)q−i( fi) d fi



Site approximation example

3 2 1 0 1 2 3 4 5 60.0

0.2

0.4

0.6

0.8

1.0

Likelihood: p(yi |fi)

3 2 1 0 1 2 3 4 5 60.00

0.05

0.10

0.15

0.20

0.25

Cavity distribution: q−i(fi)

3 2 1 0 1 2 3 4 5 60.00

0.05

0.10

0.15

0.20

0.25

Approximation: N(fi |µ̂i ,σ̂
2
i )Ẑi
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Predictions

Predictive distribution of q( f∗ |y) is also Gaussian:

I 〈 f∗ |y〉q( f∗ |y) = kᵀ∗
(
Knn + Σ̃

)−1
µ̃

I 〈 f 2
∗ |y〉q( f∗ |y) − 〈 f∗ |y〉2q( f∗ |y) = k∗∗ − kᵀ∗

(
Knn + Σ̃

)−1
k∗

Predictive distribution of y∗ might still be intractable:

q(y∗| f∗) =

∫
p(y∗| f∗)q( f∗|y) d f∗



Example 1: binary classification

Let yi be a binary variable for i = 1, . . . ,n.
Then we can define p(yi = 1 | fi) with a squashing function over
fi, i.e.:

I p(yi = 1 | fi) = 1
1+e− fi

I p(yi = 1 | fi) = Φ( fi)
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Example 2: banana data set
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Posterior moments update

Complexity is dominated by the computation of the posterior

covariance Σ =
(
K−1

nn + Σ̃−1
)−1

:

I Rank-one updates are possible after a careful
re-formulation: O(n2) per factor.



Sparse EP

q(f |y) is computed as before, but an sparse approximation is
used instead of the exact covariance Knn.

FITC approximation: O(nm2)

Knn ≈ KnmK−1
mmKmn + diag(Knn −Qnn)

DTC approximation: O(nm2)

Knn ≈ KnmK−1
mmKmn



EP-FITC (aka generalized FITC)

Predictions now depend on u:

I q( f∗ |y) =
∫

p( f∗ |u)q(u |y) du

I q(y∗ |y) =
∫

q(y∗ | f∗)q( f∗ |y) d f∗

The following is needed:

p(u | f) ∝ p(f |u)p(u)

q(u |y) =

∫
p(u | f)q(f |y) df



EP-DTC

Compatible with sparse variational approach:

L = logN
(
µ̃|0,Qnn + Σ̃

)
−

1
2

Tr
(
(Knn −Qnn)Σ̃−1

)
− ZEP.

Penalty term vs. diagonal term inside the covariance:

I Updates are simpler than in EP-FITC.
I As in the regression case, optimization of Z is simpler than

in FITC.



EP variants
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