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Motivation: Gaussian Process Regression
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Motivation: Gaussian Process Regression

p(f10) = GP(f;0,Kp)
p(yn|f, T, 9)
outputs
y = {yn 71;]:1

inputs

X = {xn}rlyzl

N)
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Motivation: Gaussian Process Regression

p(f|9) — gp(f; 0, Ka) inference & learning p(f|y7 X, 9)

PYnlf, 70, 0)

outputs

y = {ya 0,

p(ylx, )

inputs

X = {xn}rlyzl
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Motivation: Gaussian Process Regression

p(f|0) = GP(f;0,K,) inference & learning p(fly,x,0)
>
p(Ynlf, zn,0) intractabilities p(ylx,0)

computational O(N?)
analytic

outputs

y ={ua}hoy

X= {xn}rlyzl
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A Brief History of Gaussian Process Approximations

FITC: Snelson et al. “Sparse Gaussian Processes using Pseudo-inputs”

PITC: Snelson et al. “Local and global sparse Gaussian process approximations”

EP: Csato and Opper 2002 / Qi et al. "Sparse-posterior Gaussian Processes for general likelihoods.”
VFE: Titsias “Variational Learning of Inducing Variables in Sparse Gaussian Processes”

DTC / PP: Seeger et al. “Fast Forward Selection to Speed Up Sparse Gaussian Process Regression”
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A Brief History of Gaussian Process Approximations

approximate generative model  methods employing exact generative model
exact inference pseudo-data approximate inference

div[p(t.y)lla(f.y)] ' divip(fly)lla(f)]

A Unifying View of Sparse
Approximate Gaussian
Process Regression
Quinonero-Candela &
Rasmussen, 2005

(FITC, PITC, DTC)

S

FITC: Snelson et al. “Sparse Gaussian Processes using Pseudo-inputs”

PITC: Snelson et al. “Local and global sparse Gaussian process approximations”

EP: Csato and Opper 2002 / Qi et al. "Sparse-posterior Gaussian Processes for general likelihoods.”
VFE: Titsias “Variational Learning of Inducing Variables in Sparse Gaussian Processes”

DTC / PP: Seeger et al. “Fast Forward Selection to Speed Up Sparse Gaussian Process Regression”

3/

22



A Brief History of Gaussian Process Approximations

approximate generative model  methods employing exact generative model
exact inference pseudo-data approximate inference

div[p(t.y)lla(f.y)] ' divip(fly)lla(f)]

A Unifying View of Sparse
Approximate Gaussian
Process Regression
Quinonero-Candela &
Rasmussen, 2005

(FITC, PITC, DTC)

S

FITC: Snelson et al. “Sparse Gaussian Processes using Pseudo-inputs”

PITC: Snelson et al. “Local and global sparse Gaussian process approximations”

EP: Csato and Opper 2002 / Qi et al. "Sparse-posterior Gaussian Processes for general likelihoods.”
VFE: Titsias “Variational Learning of Inducing Variables in Sparse Gaussian Processes”

DTC / PP: Seeger et al. “Fast Forward Selection to Speed Up Sparse Gaussian Process Regression”

3/

22



A Brief History of Gaussian Process Approximations

approximate generative model  methods employing exact generative model
exact inference pseudo-data approximate inference

div[p(t.y)lla(f.y)] ' divip(fly)lla(f)]

A Unifying View of Sparse
Approximate Gaussian
Process Regression
Quinonero-Candela &
Rasmussen, 2005

(FITC, PITC, DTC)

S

FITC: Snelson et al. “Sparse Gaussian Processes using Pseudo-inputs”

PITC: Snelson et al. “Local and global sparse Gaussian process approximations”

EP: Csato and Opper 2002 / Qi et al. "Sparse-posterior Gaussian Processes for general likelihoods.”
VFE: Titsias “Variational Learning of Inducing Variables in Sparse Gaussian Processes”

DTC / PP: Seeger et al. “Fast Forward Selection to Speed Up Sparse Gaussian Process Regression”

3/

22



A Brief History of Gaussian Process Approximations

approximate generative model  methods employing exact generative model
exact inference pseudo-data approximate inference

div[p(t.y)lla(f.y)] ' divip(fly)lla(f)]

A Unifying View of Sparse
Approximate Gaussian
Process Regression
Quinonero-Candela &
Rasmussen, 2005

(FITC, PITC, DTC)

‘ A Unifying Framework for

Sparse Gaussian Process
Approximation using
Power Expectation
Propagation

Bui, Yan and Turner, 2016

(VFE, EP, FITC, PITC ...)
FITC: Snelson et al. “Sparse Gaussian Processes using Pseudo-inputs”

PITC: Snelson et al. “Local and global sparse Gaussian process approximations”

EP: Csato and Opper 2002 / Qi et al. "Sparse-posterior Gaussian Processes for general likelihoods.”
VFE: Titsias “Variational Learning of Inducing Variables in Sparse Gaussian Processes”

DTC / PP: Seeger et al. “Fast Forward Selection to Speed Up Sparse Gaussian Process Regression”

/22



EP pseudo-point approximation

p*(f) = p(f.y[x.0)

true posterior O(N?)

N
n=1

y = {yn}

X = {xn}r]yzl
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EP pseudo-point approximation

p*(f) = p(f.y[x.0)

N
= p(fle) H p(yn‘.ﬂ xnve)

n=1

true posterior O(N?)

N
n=1

y = {yn}

X = {xn}r]yZl
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EP pseudo-point approximation

p*(f) = p(f.y[x.0)

N
= p(fle) H p(yn|f7 T,y 9)
n=1
= p(y[x,0) p(fly,x,0)
I |

marginal posterior
likelihood

true posterior O(N?)

N
n=1

Yy = {yn}

X = {xn}r]val

22



EP pseudo-point approximation

p* (f) = p(vKlxv 0)

N
=p(f10) H P(Ynlfs2n,0)
n=1
=p(ylx,0) p(fly,x,0)
| |

marginal posterior
likelihood

true posterior O(N?)

N
n=1

Yy = {un}

X = {xn}ﬁ{:l

Q

N

¢ (f) = p(116) [ ta (1)

n=1

approximate posterior
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EP pseudo-point approximation

p* (f) = p(vKlxv 0)

N N
=p(f10) [T pnlfs2n ) @ (f) =p(£10) [ ta ()
n=1 n=1
=p(ylx,0) p(fly,x,0) = Zer 4(f)
I I
marginal posterior
likelihood
true posterior O(N?) approximate posterior
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EP pseudo-point approximation

p* (f) = p(f,y|x, 0)

N N
=p(f10) [T pnlfs2n ) @ (f) =p(£10) [ ta ()
n=1 n=1
= plylx.0) p(/ly.x.6) = Zee alf)
I I
marginal  posterior to(f) = N(u; pin, )
likelihood
dim(u) = M f={u, fru}
true posterior O(N?) approximate posterior O(NM?)
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EP pseudo-point approximation

p*(f) = p(f,ylx,0) () = p(flO)p(¥]u, %)
N N
=p(f10) [ ] p(ynlfs2n.0) =p(f10) [T ta ()
n=1 n=1
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| |
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EP pseudo-point approximation

p* (f) = p(vKlxv 0)
N

N
n=1

Yy = {un}

= p(f|9) H p(yn|f7 L, 9)

n=1

= p(ylx,0) p(fly, x,0)

marginal posterior
likelihood

true posterior O(N?)

X = {xn}ﬁ{:l

Y
~Y

* _ < s\ exact joint
¢ (f) = p(f10)p(ylu, ) 7 70p

N \/regression
= p(716) T talf) <. moce

n

= Zgp ()

t’ﬂ(-f) = N(u; Hons Zn)
dim(u) = M f={u, fru}
approximate posterior O(NM?)

<
M@

input locations of/ outputs and covariance

'pseudo’ data X 'pseudo’ data
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EP algorithm




EP algorithm

qa*(f) take out one
1. remove /, q\"(f) = m pseudo-observation
" likelihood

cavity



EP algorithm

1. remove

2. include

/,q\"(f) =T

cavity

tllt(f) — q\"(f)p(yn‘f, Tn, 9)

tilted

take out one
pseudo-observation
likelihood

add in one
true observation
likelihood
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EP algorithm

*
1. remove q\"(f) _4q (f) take out one
s tn(u) pseudo-observation
i likelihood
cavity

[ tilt add in one
2-nclude pnl (f) - q\n(f)p(yn‘f, In; 0) true observation

) likelihood

tilted KL between unnormalised

stochastic processes
project onto

3. project ¢*(f) = argmin KL [pfzﬂt(f)Hq* (f)} approximating
a*(f) family



EP algorithm

qa*(f) take out one
1. remove q\n(f) =T pseudo-observation
r tn(u) g
) likelihood
cavity
. : add in one
2.include pfilt(f) = q\”(f)p(yn\f, Zn:0)  true observation
likelihood

tilted KL between unnormalised
stochastic processes

) . . i » project onto
3. project ¢*(f) = argmin KL [plet(f)Hq (f)} apprJoximating
a*(f) family

q* ( f ) update
pseudo-observation

a\"(f) likelihood

4. update t,(u)
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EP algorithm

*
1. remove q\n(f) _4q (f) take out one
s tn(u) pseudo-observation
i likelihood
cavity

[ tilt add in one
2. include Py (f) = q\"(f)p(yn\f, Zn,0)  true observation

) likelihood

tilted KL between unnormalised

stochastic processes
. * . . tilt * project onto
3' prOJeCt q (f) - ar%mln KL [pn (f)”q (f)} approximating
a*(f) family
1. minimum: moments matched at pseudo-inputs O(N M ?)
2. Gaussian regression: matches moments everywhere

q* ( f ) update
pseudo-observation

a\"(f) likelihood

4. update t,(u)
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EP algorithm

*
1. remove q\n(f) _4q (f) take out one
s tn(u) pseudo-observation
i likelihood
cavity
[ tilt add in one
2. include Py (f) = q\"(f)p(yn\f, Zn,0)  true observation
) likelihood
tilted KL between unnormalised

stochastic processes
. * . . tilt * project onto
3' prOJeCt q (f) - ar%mln KL [pn (f)”q (f)} approximating
a*(f) family
1. minimum: moments matched at pseudo-inputs O(N M ?)
2. Gaussian regression: matches moments everywhere

N update
4. update tn(u) = C]\n(f) pseudo-observation
q\"(f) likelihood

= ZTLN(KfnuK;iu§ 9n, 'Un) rank 1
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Fixed points of EP = FITC approximation

tn(0) = p(yn|w, 2, 0) = N (yn; KfnuK;&m Ky r, — KfnuK:niKufn + 03)

6 /22



Fixed points of EP = FITC approximation

tn(0) = p(yn|u, 2, 0) = N(yn; Kp,uKqaws Ky, 1, — Kp,uKgaKug, +07)

N
a“(f) =»p(f) H tn(u) suppressed 0 & Tn,
n=1
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Fixed points of EP = FITC approximation

tn(u) = (yn|u 1‘7”0) N(yn,Kfn K u Kfnfn KfnuKl:lllKufn + 0-3)

H tn p(frula)p( H p(yn|u) suppressed 0 & T,
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Fixed points of EP = FITC approximation

tn(a) = (yn|“ s 0) = N (s K uly qunfn K uKoaKay, +07)

H tn p(frula)p( H p(yn|u) suppressed 0 & T,

n=1..N
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Fixed points of EP = FITC approximation

tn (1) = (y"|“ 2, 0) = N (yn; K, uKy UKfnfn Ky, uKguKus, +07)

H tn P(fulu)p( H P(Yn|u) suppressed 0 & T,
* \n q* (f)
¢ (/) ()=

n=1..N 1%£n
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Fixed points of EP = FITC approximation

th(u) = (yn|u T, 0) = N(ymen Ky u Ky r, — KfnuKl:lllKufn +U§)

H tn p(frula)p( H p(yn|u) suppressed 0 & T,

¢"(f) P(F) = ¢\ (£)p(ynl f, 20, 0)

3 o &ow

n=1.N l#£n




Fixed points of EP = FITC approximation

tn(ll) = (yn|u mn70) N(yn,Kfn K u Kfnfn KfnuKl:lllKLlfn + 0-5)

H tn P(fula)p( H p(yn|u) suppressed 0 & T,
p‘;llt( yn‘f Htl 7éu|11)p yn|f Hp yl|u
l#n I#n
a(f) ptlﬂt (f) = q\"(f)p(yn|f, Ty, 0)

3 o &ow

n=1..N 1#£n
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Fixed points of EP = FITC approximation
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Fixed points of EP = FITC approximation

th(u) = (yn|u T, 0) = N(ymen Ky u Ky r, — KfnuKl:lllKufn +U§)

H tn p(frula)p( H p(yn|u) suppressed 0 & T,
p‘;llt( yn‘f H tl f¢u|u)p yn|f H P yl|u
l#n I#n
/ A / Af o ()

O O
» = |[®

equivalent
n=1.N n=1.N




Fixed points of EP = FITC approximation

th(u) = (yn|u T, 0) = N(ymen Ky u Ky r, — KfnuKl:lllKufn +U§)

H tn p(frula)p( H p(yn|u) suppressed 0 & T,
p‘;llt( ) yn‘f H tl f¢u|u)p yn|f Hp yl|u
e l#n
Jara ) / Afpu 25" (f)

@ = @ Csato & Opper (2002)

equivalent )
n=1..N ne1.N Qi, Abdel-Gawad &

Minka (2010)




Fixed points of EP = FITC approximation

th(u) = (yn|u T, 0) = N(ymen Ky u Ky r, — KfnuKl:lllKufn +U§)

H tn P(fzuw)p( H p(yn|u) suppressed 0 & Tn,
PE(F) = p(Hp(ynl £) [ | t1(w) = p(ful)p()p(ynl £) [ [ p(0il0)
l#n L#n
[ dtema () [ata i)

@ = @ Csato & Opper (2002)

equivalent )
n=1..N ne1.N Qi, Abdel-Gawad &

Minka (2010)

Interpretation resolves philosophical issues with FITC (increase M with N)
FITC likelihood > GP likelihood => EP over-estimates (marginal) likelihood
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EP algorithm

q (f) take out one
1. remove Val q\n(f) ~ (u) pseudo-observation
" likelihood

cavity

i i n add in one
2. InCIUde pt’;th(f) = q\ (f)p(yn|f7 Tn, 0) true observation

) likelihood
tilted KL between unnormalised

stochastic processes
. % N . tilt % project onto
3. prOJeCt q (f) - ar%mm KL l:pn (f)“q (f)] approximating
a(f family
1. minimum: moments matched at pseudo-inputs O(NM?)
2. Gaussian regression: matches moments everywhere

* update
4. update tn(u) = # pseudo-observation
a\*(f) likelihood

= ZnN(KfnuK;&u; 9n, Un) rank 1
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Power EP algorithm (as tractable as EP)

1 remove q\n(f) _ q*(f)a take out fraction.of
fv th (u) pseudo-observation
likelihood

cavity

i tilt o add in fraction of
2. Include pn ()= q\”(f)p(yn|f, n, 0) true observation
) likelihood
KL between unnormalised

tilted .
stochastic processes

. % N . tilt % project onto
3. prOJeCt q (f) - ar%mm KL l:pn (f)“q (f)] approximating
a*(f) family
1. minimum: moments matched at pseudo-inputs O(NM?)
2. Gaussian regression: matches moments everywhere

* update
4. update tn (U)a: # pseudo-observation
a\*(f) likelihood

tn(u) = ZnN(KfnuK;&u§gmUn) rank 1

11/22



Power EP: a unifying framework

a—0 « a=1
VFE FITC
Titsias, 2009 Csato and Opper, 2002

Snelson and Ghahramani, 2005

to(u) = N(Ks, o Kybw; y,, aDx r, + 05)
—1 1
q(u) = N(“; KuiKg ¥, Kuu — KutKg Kfu)
N 1 — 1 —— 1—
log Zppp = — - log(2m) — 5 log |[Ker| — §yTKﬁly + —Qaa > log (1+aDy,, /o7)

Kg = Qg + adiag(Dg) + 031 Dg = Kg — Qg

12 /22



Power EP: a unifying framework

Approximate blocks of data: structured approximations

p*(f) =p(f.y|x,0) = p(f]0) H 1T »(nlf zn,6)

k=1nekK,
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K
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Power EP: a unifying framework

Approximate blocks of data: structured approximations

a=1
PITC / BCM
p*(f) (f7 |X 0 f|0 H H p yn|f7mn7 ) Schwaighofer &

k=1neK, Tresp, 2002,
Snelson 2006,

a—0

f|9 H VFE

k=1 Titsias, 2009
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Snelson 2006,

a—0

a p(£16) H VFE

k=1 Titsias, 2009

Place pseudo-data in different space: interdomain transformations

9(z) = [w(z,2')f(z')dz" (linear transform)
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Power EP: a unifying framework

Approximate blocks of data: structured approximations

a=1
PITC / BCM
p*(f) (f7 |X 9 f|9 H H p yn|f7mn7 ) Schwaighofer &

k=1neK, Tresp, 2002,
Snelson 2006,

a—0

a p(£16) H VFE

k=1 Titsias, 2009

Place pseudo-data in different space: interdomain transformations

9(z) = fw(z 2" f(2")dz’  (linear transform) a=1
Figueiras-Vidal &

N Y .
N Lazaro-Gredilla
p*(f.9) = p(£.910) H (Unl f 20,0 2009
n=t pseudo-data a—0
N in new space
Tobar et al. 2015
q”‘(f7 =p f7g|9 H tn(u) g = {uag;éu} Matthews et al,
el 2016
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Power EP: a unifying framework

GP Regression GP Classification

kK [15*’13*] *kk

=1 5
g -+
] 1]
n n
Q Q
[4,1%,3%] g g
(PITC) ® 3
[6,8,5%] 5 [11*] 5
N
sfr\ (7.1,24] ;f(,c [9%,12%]
9 (‘t (FITC)/VQ —0 0, Q/ /x -0
Ry Yrg o VFE Pr, "oy © VFE
OJr 1% a=1 PEP a=1 PEP
[1] Quifionero-Candela et al. 2005 [5] Titsias, 2009 [9] Naish-Guzman et al, 2007 ~ [13] Matthews et al., 2016
[2] Snelson et al., 2005 [6] Csaté, 2002 [10] Qi et al., 2010 [14] Figueiras-Vidal et al., 2009
[3] Snelson, 2006 [7] Csaté et al., 2002  [11] Hensman et al., 2015 [15] Alverez et al. 2010
[4] Schwaighofer, 2002 [8] Seeger et al., 2003 [12] Hernandez-Lobato et al., 2016
* = optimised pseudo-inputs ** = structured versions of VFE recover VFE (Remark 5)
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How should | set the power parameter o?

8 UCI regression datasets
20 random splits
M =0 -200
hypers and inducing
inputs optimised

MSE rank
log-loss rank

6 UCI classification datasets ! x '
20 random splits f% s § e
M =10, 50, 100 c s @ s
hypers and inducing e, 2.
inputs optimised @ ) 8 s

o o

& =0.5 does well on average
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How should | set the power parameter o?

«

c NN £0ONNANANNN
83 " Sl NS - G :// INININININ
g % 2 o ST e 0.4 2 : BRGNS
: g = :e//// — EP beats V(F)E ° ;///G/ \\‘\\
8 ii;j;’:e/‘ H:? in 40% of tests 8’ ‘??5??/\%2
© :a—"er/‘v-‘w-‘\e‘\g\./ - g///////&

& ISR SIS : RS

£0NANANNNN : INEEENEER
s : NSNS NNNE o 27 NNANANANN
e ~ S e c S AN——————
%ﬁ c : VS R S N 2 -//././‘ -
E@Q g A = 2 e
S8 © = I P I g Q e
Q g ] 2/ S, —
‘_Do I S A e

¢ =0.5 does well on average
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Streaming / Online Sparse Approximations

Goal: Online posterior update (using old posterior and new data batch).

Two new innovations for online learning and inducing input
optimisation

1. naive approach: use previous approximate posterior as prior

new posterior new likelihood old posterior

—
¢ (f) = oy ()
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. old likelihoods . .
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Streaming / Online Sparse Approximations

Goal: Online posterior update (using old posterior and new data batch).

Two new innovations for online learning and inducing input
optimisation

1. better approach: only take likelihood terms from old posterior

. old likelihoods . .
new posterior new likelihood —A— original prior

(new) ~ (new) q(OId) (f) (new)
q (f) ~ply f) W p(f[0 )

2. naive approach: use same pseudo-points throughout

¢ (f) = p(fulu, 0©V)g(u)
¢ (f) = p(frulu, 0)) g(u)
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Streaming / Online Sparse Approximations

Goal: Online posterior update (using old posterior and new data batch).

Two new innovations for online learning and inducing input
optimisation

1. better approach: only take likelihood terms from old posterior

. old likelihoods . .
new posterior new likelihood —A— original prior

(new) ~ (new) q(OId) (f) (new)
q (f) ~ply f) W p(f[0 )

2. better approach: decouple sets of pseudo-points

L) = plf o[, 609) ()
q(new)(f) (f;éu new)‘u new) g(new))q(u(new))
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Streaming / Online Sparse Approximations

Goal: Online posterior update (using old posterior and new data batch).

Two new innovations for online learning and inducing input
optimisation
1. better approach: only take likelihood terms from old posterior
. old likelihoods . .
new posterior new likelihood —A— original prior
(new) I 0 (new)
new ~ new 6 new

2. better approach: decouple sets of pseudo-points

() = p(f oo [0, 66D) (0
4 (f) = Pf s [0, 60 g (a7

VFE is now the best Power EP method (inducing point clumping)
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Online Sparse GP Approximations: Regression

20 T T T T T T !
1.0
> 0.0
-1.0
-2.0 C | | |
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Online Sparse GP Approximations: Regression
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Online Sparse GP Approximations: Regression
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Online Sparse GP Approximations: Regression

2.0 [ I I I I

1.0

22



Online Sparse GP Approximations: Classification

error=0.28 error=0.15

error=0.10 error=0.10
T T T T 1 T
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Streaming / Online Sparse Approximations: Time-series Regression

SN

N

o

SRS

mean held out log-likelihood

online variational f

&

o °
. + minibatch VFE
+ ©
Co
+ ’ f
1 10 100 1000

accumulated running time /s
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Summary

@ Provided a unifying framework for Gaussian Process Approximation
methods using pseudo-points via PEP

@ FITC and PITC are EP in disguise and they use the same
approximating distribution as VFE

@ Intermediate powers in PEP perform best on average in batch setting
(more theory and empirical work needed)

@ VFE methods perform best in the online setting

Core material:

@ A Unifying Framework for Sparse Gaussian Process Approximation
using Power Expectation Propagation, arXiv preprint 2016

@ Streaming Sparse Gaussian Process Approximations, arXiv preprint
2017
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http://arxiv.org/abs/1605.07066
http://arxiv.org/abs/1605.07066
https://arxiv.org/abs/1705.07131

VFE is best for online inference and learning

mean log-likelihood

0 5 10 15 20 25
batch index
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