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Outline

Part 1: Extension to non-Gaussian likelihoods

For non Gaussian observations, the posterior is intractable, we need
approximations!

Part 2: Scaling up Gaussian process regression

Or how to bypass the O(N?) computational bottleneck



Gaussian Process Regression
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Gaussian Process Regression
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Gaussmn Process Reqgression
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Gaussian Process Regression
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yilfi = fi + N(0,0°)
p(y) = N(y;0,Kg + 0°I) —
p(£|y) = N(£; Ke. ¢ (Kg + 01 'y, Ker, — Ke.¢(Kg + 0°1) ' Kgy,)

Objective for hyperparameter optimization



Gaussian Process Regression
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PART 1 - Extension to non-Gaussian likelihoods



Motivation

Beyond Gaussian regression ...

Classification Robust Regression



GP classification: the generative model

yi|f(x;) ~ Bernoulli(o(f(z;)))

f(@) ~ 5P
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GP classification: the generative model
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GP classification: the generative model

yi|f(x;) ~ Bernoulli(o(f(z;)))

a(f(x)) € [0, 1]
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GP classification: the generative model

y(x) € {0, 1}

yi| f ;) ~ Bernoulli(a(f(xi)))




GP classification: inference

yi|f(z;) ~ Bernoulli(o(f(z;)))
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Non Gaussian likelihoods - what happens to the posterior?
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Non Gaussian likelihoods - what happens to the posterior?
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Non Gaussian likelihoods - what happens to the posterior?
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Non Gaussian likelihoods - what happens to the posterior?
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Non Gaussian likelihoods - what happens to the posterior?
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Non Gaussian likelihoods - what happens to the posterior?

Gaussian
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Non Gaussian likelihoods - what happens to the posterior?

Gaussian
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Why is it a problem?

For learning

o) = / p(y|E)p(E)df

~ p()p(y | £)
19(f|JY) T Z?Cyj

For predictions (or any posterior expectation)

For inference

p(f(z")) = / p(f(@)E)p(Ely)dE
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How to approximate the intractable posterior?

Parametric approximations
Most common: approximate the posterior as a Gaussian

e Laplace approximation
e Variational inference
e Expectation propagation

Stochastic approximations
Draw samples from the posterior

Monte carlo Markov chains - | won’t cover today



Why gaussian approximations to the posterior

Posterior approximation
p(fly) = q(f)= N (f; mg, S¢)
For predictions (or any posterior expectation)

puwwr:/pumwwm@wmf

~ [ () ieae)as
= N (f*| b, m¢, ks — b, (K& — S¢)b.)

b, = k.Kg'



Laplace approximation: the
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Laplace approximation: the idea

Posterior log scale
°l p(y=1[f)
log h(f) = log(p(y | f) p(f)
mode
-2t
_4 k-
_6 -
\
N
'y
\\\\
_8 L \‘ \
L
L L H ! L \ N\
-10 -5 0 5 10 «\\\
\




Laplace approximation: the idea
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Laplace approximation: the idea

o -
log h(f) = log(p(y | f) p(f))
............ mode ff
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Laplace approximation: the idea
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Laplace approximation: the idea
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Laplace approximation: the idea
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Laplace Approximate: the maths

_ p(f)p(y | f)
p(fly) = >

log p(f|y) = —log Z + log p(f) + log p(y | £) = h(f)

hE) & h(f*)+@1(f—f*)+%(f—f*)THff[h](f—f*)
0

Taylor at f*

p(E1y) ~ exp (5(€— )7 Halh( ~£) ) = N(E:£",~ Hall] )



Laplace Approximation: pros and cons

fast and easy to implement X

Poor posterior if mode is not representative v



Variational inference

Turning inference into an optimization problem Optimization

/A“distance” Smallest KL\ |
argmin Dy, [q(f) || p(f | x,y)] pir X
q€e Q
Intractable
Tractable set target

Searching for the best Gaussian approximation for the KL divergence

Dicfa(£) | p(£)) = Eqcr Lo 23



Variational inference

A lower bound to the marginal likelihood

log p(y) = log / p(£, y)df

o p(f,y)

2 [aoes(ig )

Jensen

= / ¢(F) log p(y|f)df — Dicw[g(F) || p(£)] = L(q)

A bound related to the objective
y log p(y) — £(q) = Dkw[q(f) | p(f [ x,¥)]

constant




Variational inference
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Variational inference: pros and cons

Properties

- Alower bound to the log marginal likelihood v
- Inference + learning with a single objective v
- Mode matching behavior X

- Some theoretical guarantees v




Variational inference: details and extensions

e Different parameterizations and optimization schemes
e VI can be adapted to more complex likelihoods
e Using different divergences (instead of the KL)



PART 2 - Scaling up Gaussian process regression



Reminder : Gaussian Process Regression

Problem: Cubic scaling of computation

inverse!

yilfi = fi + N(0,07) /
p(y) = N(y;0,Kg + o°I)
p(E|y) = N(f.; K.t Kg'y, Ke s, — Ke ¢ (Kg + 0°T) ' Kgy,)



Two main families of approximations

e Conjugate gradient methods
Approximate the computations
e Inducing point methods (a.k.a sparse methods)

Approximate the posterior (by one simpler to compute)



Conjugate Gradient methods

Expression of the Log marginal likelihood and its gradient

Kﬂ‘ :Kﬁ‘—|—U2I

log pe(y) o log |Kg| — y ' Kg'y

dlog po(y) 71 (¢-19Ks . dKg
o Y \Be g )Yt Be 3

Replace (matrix inverse) x (vector) by a few (matrix) x (vector)
O(N?) O(KN2) K<<N



Conjugate Gradient methods

(Matrix inverse) x (vector) a— A" 1b

Minimizing a quadratic form 1

f(x) = ixTAx ~b'x+c
a = arg min f(x)

Following a gradient based procedure

Vxf(x) =Ax—Db




Conjugate Gradient methods: Idea

Basis of conjugate vectors pz-TApj ={
X" =) aps
k

Compute the coefficients

Ax* =Db p,;rb
T A * T o = ————
TAx* =p.'b i
p; AX = p; p;rApz-

=p; A) owpr = a;p; Ap;
k

How to find the basis of conjugate vectors?



Conjugate Gradient methods: Iterative procedure

Initialize  po = Vxf(X0) = Axg— b

First iteration: follow the gradient  x; = x¢ + SoPo pgb
min f(x0 + Bpo) A= Py APo
Next iteration p; = V,f(x;) = Ax; — b
. P1Apo Gram-Schmidt

P1 = P1

orthogonalization

PoApg

Carry until gradient small enough

Hopefully stops after K<<N iterations



Conjugate gradient methods

e Efficient methods to approximate the log det and trace terms + parallelization
e Efficiency depends on conditioning of A : preconditioning helps
e In practice O(N?) is still big!



Inducing point: intuition
Gaussian Process regression: posterior mean
[ (z) = Z an, k(T, Tn)
n

Getting rid of the redundant information

)~ ) amk(z, zm)

From non-parametric (N) back to parametric (M)

IDEA: Inference on f(z) instead of f(x)




Inducing point: variational approach

Reminder of the objective argenglin Dk lg(f) || p(f] %, y)]
:
Choice of Q: d(f(z)) instead of q(f(x))
o) = [ PO £2) = ) g(w) du o) = [ P £6) = £)ale) df
d(f) = N (fi|aT mu, kis — af (Kau— Su)a)) | a(fi) =N (£ |b] me, ki — b] (Kgr — Se)by)
a] =k Kg! b =kisKg'
£(q) = Eqqp) llog p(y | £)] — Dicelg(w) || p(w)]| £(q) = Eyey llog p(y | £)] — Dicela(E) | p(f)]

O(M3 + NM?) O(N® + N)



Inducing point: variational approach

Reminder of the objective

Choice of Q:

KLSP

M=4

argmin Dxy,[q(f) || p(f| x,y)]
qeQ

q(f(z)) instead of q(f(x))

M=16 M=32

Hensman et al, AISTATS 2015



Inducing points: going further

e (Gaussian case: closed form solution for q* and L(q*)
|

L(q") =1log N(y;0,0°I + Keu Ko Kug) — 5 I K — KeuKguKu]
e Interdomain approach: other choice for u=¢(f)

iy / fF(z)e™ dy

e Mini-batching: stochastic evaluation of the loss

L(q) = Z EQ(fz') [logp(yz' | fz)] — Dk, [q(f) | p(f)] O(NM? + M)
g 1
|B| Z ]Eq(f ) logp(yy | f])] — Dk, [q(f) H p(f)] O(NbatchMZ £ W)

J1EB



Mixing the two parts?

Computationally efficiency
+

Non conjugacy



Questions ?
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