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  Under misspecification, uncertainty quantification becomes brittle, especially in 
nonparametric models like Gaussian Processes (GPs).

CHALLENGE
— Paradigm shift in Bayesian inference exacerbates model misspecification —

<latexit sha1_base64="zrTaWNVuPaOozWkJ9W5ZKqZBklY=">AAACCXicdZDLSsNAFIYn9VbrrerSzWARXIWkWi+7ghvdVegNmhAm02k7dDIJMydCCd268VXcuFDErW/gzrdxehG8/jDw8Z9zOHP+MBFcg+O8W7mFxaXllfxqYW19Y3OruL3T1HGqKGvQWMSqHRLNBJesARwEayeKkSgUrBUOLyb11g1TmseyDqOE+RHpS97jlICxgiL2siTwYMCAeOMgmxH2uMRefYLjoFhy7HLlyD2v4N/g2s5UJTRXLSi+ed2YphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxKEnEtJ9NLxnjA+N0cS9W5knAU/frREYirUdRaDojAgP9szYx/6p1Uuid+RmXSQpM0tmiXiowxHgSC+5yxSiIkQFCFTd/xXRAFKFgwiuYED4vxf9Ds2y7J3bl+rhUvZrHkUd7aB8dIhedoiq6RDXUQBTdonv0iJ6sO+vBerZeZq05az6zi77Jev0ATtmaxg==</latexit>

{p✓}✓2⇥

<latexit sha1_base64="vBRmFdEIjrF9kKpvxpE9UIS7E6k=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvOgtAbNAMoSeTiVp07PY3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+LLjSjvNuZRYWl5ZXsqu5tfWNza389k5dRYlkWGORiGTTpwoFD7GmuRbYjCXSwBfY8IcXE79xh1LxKLzWoxi9gPZD3uOMaiNVbzv5gmMXS0fueYn8Jq7tTFGAOSqd/Fu7G7EkwFAzQZVquU6svZRKzZnAca6dKIwpG9I+tgwNaYDKS6eHjsmBUbqkF0lToSZT9etESgOlRoFvOgOqB+qnNxH/8lqJ7p15KQ/jRGPIZot6iSA6IpOvSZdLZFqMDKFMcnMrYQMqKdMmm5wJ4fNT8j+pF233xC5Vjwvlq3kcWdiDfTgEF06hDJdQgRowQLiHR3iybqwH69l6mbVmrPnMLnyD9foBTW2NUQ==</latexit>q
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— Paradigm shift in Bayesian inference exacerbates model misspecification —

5

default approach:
<latexit sha1_base64="pA79dB+NLXl9OyM6zOJaVwnI294=">AAACE3icjVDJSgNBEO2JW4xb1KOXxiCIYEjE7RjworcIZoFMCDU9PUmTnumhu0YShvyDF3/FiwdFvHrx5t/YWQ4qCj4oeLxX1V31vFgKg6XSh5OZm19YXMou51ZW19Y38ptbdaMSzXiNKal00wPDpYh4DQVK3ow1h9CTvOH1L8Z+45ZrI1R0g8OYt0PoRiIQDNBKnfyBi3yAqVTdQyn69pmeUj5VAQUpqQ8II+qiom4Ig06+UC6WJqB/kwKZodrJv7u+YknII2QSjGmVSzG2U9AomOSjnJsYHgPrQ5e3LI0g5KadTm4a0T2r+DRQ2laEdKJ+nUghNGYYerYzBOyZn95Y/M1rJRict1MRxQnyiE0/ChJJ7ZXjgKgvNGcoh5YA08LuSlkPNDC0Meb+F0L9qFg+LZ5cHxcqV7M4smSH7JJ9UiZnpEIuSZXUCCN35IE8kWfn3nl0XpzXaWvGmc1sk29w3j4B80yeOA==</latexit>

log-likelihood of all data ! max



CHALLENGE
— Paradigm shift in Bayesian inference exacerbates model misspecification —

6



7

<latexit sha1_base64="96u0fca/yRcjE5wwGzcEbjPpSq4="></latexit>

posterior / prior⇥ likelihood

TYPES OF MISSPECIFICATION
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 Likelihood misspecification

<latexit sha1_base64="96u0fca/yRcjE5wwGzcEbjPpSq4="></latexit>

posterior / prior⇥ likelihood

TYPES OF MISSPECIFICATION
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 Smoothness misspecification  Likelihood misspecification

<latexit sha1_base64="96u0fca/yRcjE5wwGzcEbjPpSq4="></latexit>

posterior / prior⇥ likelihood

TYPES OF MISSPECIFICATION
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 Promising empirical results for leave-one-out cross-validation!

                                                                                                                                                   (instead of                                                 )          

SMOOTHNESS MISSPECIFICATION

<latexit sha1_base64="qp0jsK9Sz8Y0Qxuj0Kpy3ED+yGo="></latexit>X

i

log-likelihood of datapoint i given the rest of the data ! max

<latexit sha1_base64="GE2WBxM3u49NKfgtV7kelS/ai6E=">AAACE3icbVDLSgMxFM34tr6qLt0EiyCCZUZ8LYtuXCrYKnRKuZPJtKGZyZDckZah/+DGX3HjQhG3btz5N6aPhbYeCBzOuTfJOUEqhUHX/XZmZufmFxaXlgsrq2vrG8XNrZpRmWa8ypRU+j4Aw6VIeBUFSn6fag5xIPld0Lkc+HcPXBuhklvspbwRQysRkWCAVmoWD3zkXcylah1K0bHXtJUKqYooSElDQOhTHxX1Y+g2iyW37A5Bp4k3JiUyxnWz+OWHimUxT5BJMKbuuSk2ctAomOT9gp8ZngLrQIvXLU0g5qaRDzP16Z5VQhopbU+CdKj+3sghNqYXB3YyBmybSW8g/ufVM4zOG7lI0gx5wkYPRZmkNuWgIBoKzRnKniXAtLB/pawNGhjaGgu2BG8y8jSpHZW90/LJzXGpcjGuY4nskF2yTzxyRirkilyTKmHkkTyTV/LmPDkvzrvzMRqdccY72+QPnM8f7MyeLg==</latexit>

log-likelihood of all data ! max

Bachoc, F. (2013). Cross validation and maximum likelihood estimations of hyper- parameters of Gaussian processes with model misspecification.



CREDIBLE INTERVALS
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   -credible interval quantifies uncertainty of the model:

(for =1.96, 95% of samples will lie within the interval)

<latexit sha1_base64="LE5qhOeJvkmsYqQPiqRSqA2Fcfg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGN1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd1m9uD+v1O7yOIpwBMdwCh5cQQ1uoQ4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB5Dcjyk=</latexit>↵

<latexit sha1_base64="LE5qhOeJvkmsYqQPiqRSqA2Fcfg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGN1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd1m9uD+v1O7yOIpwBMdwCh5cQQ1uoQ4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB5Dcjyk=</latexit>↵

<latexit sha1_base64="Gztei7jRLIboJRj7AWYPU1Drm+8="></latexit>

[m̃(x)� ↵
q

k̃(x), m̃(x) + ↵
q

k̃(x)]



CREDIBLE INTERVALS
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   -credible interval quantifies uncertainty of the model:

(for =1.96, 95% of samples will lie within the interval)

<latexit sha1_base64="LE5qhOeJvkmsYqQPiqRSqA2Fcfg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGN1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd1m9uD+v1O7yOIpwBMdwCh5cQQ1uoQ4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB5Dcjyk=</latexit>↵

<latexit sha1_base64="LE5qhOeJvkmsYqQPiqRSqA2Fcfg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGN1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd1m9uD+v1O7yOIpwBMdwCh5cQQ1uoQ4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB5Dcjyk=</latexit>↵

… but are they well-calibrated?

<latexit sha1_base64="Gztei7jRLIboJRj7AWYPU1Drm+8="></latexit>

[m̃(x)� ↵
q

k̃(x), m̃(x) + ↵
q

k̃(x)]



CREDIBLE INTERVALS

13

   -credible interval quantifies uncertainty of the model:

(for =1.96, 95% of samples will lie within the interval)

<latexit sha1_base64="LE5qhOeJvkmsYqQPiqRSqA2Fcfg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGN1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd1m9uD+v1O7yOIpwBMdwCh5cQQ1uoQ4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB5Dcjyk=</latexit>↵

<latexit sha1_base64="LE5qhOeJvkmsYqQPiqRSqA2Fcfg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGN1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd1m9uD+v1O7yOIpwBMdwCh5cQQ1uoQ4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB5Dcjyk=</latexit>↵

… but are they well-calibrated?

<latexit sha1_base64="Gztei7jRLIboJRj7AWYPU1Drm+8="></latexit>

[m̃(x)� ↵
q

k̃(x), m̃(x) + ↵
q

k̃(x)]



… but are they well-calibrated?

CREDIBLE INTERVALS
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   -credible interval quantifies uncertainty of the model:<latexit sha1_base64="LE5qhOeJvkmsYqQPiqRSqA2Fcfg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imAckS+idzCZjZneWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqKGtQKaRqB6iZ4DFrGG4EayeKYRQI1gpGN1O/9cSU5jJ+MOOE+REOYh5yisZKzS6KZIi9csWtujOQZeLlpAI56r3yV7cvaRqx2FCBWnc8NzF+hspwKtik1E01S5COcMA6lsYYMe1ns2sn5MQqfRJKZSs2ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMeJ6lhMZ0vClNBjCTT10mfK0aNGFuCVHF7K6FDVEiNDahkQ/AWX14mzbOqd1m9uD+v1O7yOIpwBMdwCh5cQQ1uoQ4NoPAIz/AKb450Xpx352PeWnDymUP4A+fzB5Dcjyk=</latexit>↵
<latexit sha1_base64="Gztei7jRLIboJRj7AWYPU1Drm+8="></latexit>

[m̃(x)� ↵
q

k̃(x), m̃(x) + ↵
q

k̃(x)]

<latexit sha1_base64="E9CBxqiA1wm6OcgFCWL+sPcfSrs=">AAAB/XicdVDJTsMwFHTKVsoWlhsXiwqpHIiSQllulbjArUh0kdqochyntWonke0gSlrxK1w4gBBX/oMbf4O7ILGO9KTxzHvye+PFjEpl2+9GZmZ2bn4hu5hbWl5ZXTPXN2oySgQmVRyxSDQ8JAmjIakqqhhpxIIg7jFS93pnI79+TYSkUXil+jFxOeqENKAYKS21za1BULjZg/uwpSjzCeT6NWibedsqlg6c0xL8TRzLHiMPpqi0zbeWH+GEk1BhhqRsOnas3BQJRTEjw1wrkSRGuIc6pKlpiDiRbjrefgh3teLDIBK6QgXH6teJFHEp+9zTnRyprvzpjcS/vGaighM3pWGcKBLiyUdBwqCK4CgK6FNBsGJ9TRAWVO8KcRcJhJUOLKdD+LwU/k9qRcs5skqXh/nyxTSOLNgGO6AAHHAMyuAcVEAVYHAL7sEjeDLujAfj2XiZtGaM6cwm+Abj9QOx05Qn</latexit>

|f(x)� m̃(x)|



… but are they well-calibrated?

CREDIBLE INTERVALS
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  Underconfidence:   Overconfidence:
<latexit sha1_base64="1Bg05y8oV5fyY45c308BCUIvbh0="></latexit>

|m̃(x)� f(x)|q
k̃(x)

! 0

<latexit sha1_base64="5z7t3ihuRbB6swPyEnab0RCSuws="></latexit>

|m̃(x)� f(x)|q
k̃(x)

! 1

<latexit sha1_base64="E9CBxqiA1wm6OcgFCWL+sPcfSrs=">AAAB/XicdVDJTsMwFHTKVsoWlhsXiwqpHIiSQllulbjArUh0kdqochyntWonke0gSlrxK1w4gBBX/oMbf4O7ILGO9KTxzHvye+PFjEpl2+9GZmZ2bn4hu5hbWl5ZXTPXN2oySgQmVRyxSDQ8JAmjIakqqhhpxIIg7jFS93pnI79+TYSkUXil+jFxOeqENKAYKS21za1BULjZg/uwpSjzCeT6NWibedsqlg6c0xL8TRzLHiMPpqi0zbeWH+GEk1BhhqRsOnas3BQJRTEjw1wrkSRGuIc6pKlpiDiRbjrefgh3teLDIBK6QgXH6teJFHEp+9zTnRyprvzpjcS/vGaighM3pWGcKBLiyUdBwqCK4CgK6FNBsGJ9TRAWVO8KcRcJhJUOLKdD+LwU/k9qRcs5skqXh/nyxTSOLNgGO6AAHHAMyuAcVEAVYHAL7sEjeDLujAfj2XiZtGaM6cwm+Abj9QOx05Qn</latexit>

|f(x)� m̃(x)|



CREDIBLE INTERVALS
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  Underconfidence:   Overconfidence:

must choose hyper parameters of             well to prevent under/over confidence! 

<latexit sha1_base64="1Bg05y8oV5fyY45c308BCUIvbh0="></latexit>

|m̃(x)� f(x)|q
k̃(x)

! 0

<latexit sha1_base64="5z7t3ihuRbB6swPyEnab0RCSuws="></latexit>

|m̃(x)� f(x)|q
k̃(x)

! 1

remember that posterior variance          does not depend on        !   
<latexit sha1_base64="O72SBzgPyzX/wW6Id9kj01mOgHc=">AAAB63icjVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PAi94imAckS5idzCZDZmaXmV4xLPkFLx4U8eoPefNv3E1yUFGwoKGo6qa7K4ilsOi6H87C4tLyymphrbi+sbm1XdrZbdooMYw3WCQj0w6o5VJo3kCBkrdjw6kKJG8Fo8vcb91xY0Wkb3Ecc1/RgRahYBRzKazcH/VKZa/qTkH+JmWYo94rvXf7EUsU18gktbbjuTH6KTUomOSTYjexPKZsRAe8k1FNFbd+Or11Qg4zpU/CyGSlkUzVrxMpVdaOVZB1KopD+9PLxd+8ToLhhZ8KHSfINZstChNJMCL546QvDGcoxxmhzIjsVsKG1FCGWTzF/4XQPK56Z9XTm5Ny7XoeRwH24QAq4ME51OAK6tAABkN4gCd4dpTz6Lw4r7PWBWc+swff4Lx9AnYfjeU=</latexit>

f(x)
<latexit sha1_base64="VHGN/MdhGrKbufq+anleblQAv60=">AAAB83icjVDLSgNBEOz1GeMr6tHLYBDiJWzE1zHgRW8RzAOyS5id7U2GzM4uM7NiWPIbXjwo4tWf8ebfOHkcVBQsaCiquumiglRwbVz3w1lYXFpeWS2sFdc3Nre2Szu7LZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB0MLyd++w6V5om8NaMU/Zj2JY84o8ZKnme4CDEfjiv3R71SuVZ1pyB/kzLM0eiV3r0wYVmM0jBBte7W3NT4OVWGM4HjopdpTCkb0j52LZU0Ru3n08xjcmiVkESJsiMNmapfL3Iaaz2KA7sZUzPQP72J+JvXzUx04edcpplByWaPokwQk5BJASTkCpkRI0soU9xmJWxAFWXG1lT8Xwmt42rtrHp6c1KuX8/rKMA+HEAFanAOdbiCBjSBQQoP8ATPTuY8Oi/O62x1wZnf7ME3OG+f5SyRoA==</latexit>

k̃(x)
<latexit sha1_base64="5Ojbu8G4OkONTOu7ujydEtWydGM="></latexit>

k̃(x, x0) = k(x, x0)� k(x, x1:n)
>(k(x1:n, x1:n) + �2Idn)

�1k(x0, x1:n)

<latexit sha1_base64="QAEV639Ui39ChwpVcJ5lQintUp8=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiBGkDATjcst4EVvEcwCyRB6Oj1Jk56esbtHEob8hBcPinj1d7z5N3YWwfVBweO9KqrqeRFnStv2u5Wam19YXEovZ1ZW19Y3sptbNRXGktAqCXkoGx5WlDNBq5ppThuRpDjwOK17/YuxX7+jUrFQ3OhhRN0AdwXzGcHaSI1+fnCIBvsH7WzOLhRLR855Cf0mTsGeIAczVNrZt1YnJHFAhSYcK9V07Ei7CZaaEU5HmVasaIRJH3dp01CBA6rcZHLvCO0ZpYP8UJoSGk3UrxMJDpQaBp7pDLDuqZ/eWPzLa8baP3MTJqJYU0Gmi/yYIx2i8fOowyQlmg8NwUQycysiPSwx0SaijAnh81P0P6kVC85JoXR9nCtfzeJIww7sQh4cOIUyXEIFqkCAwz08wpN1az1Yz9bLtDVlzWa24Rus1w/kFI9F</latexit>

k(x, x0)



THE AMPLITUDE PARAMETER
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<latexit sha1_base64="qGiLwW5sOKT3PKUh7Aud5FuMPlA=">AAACCnicdVDJSgNBEO1xjXGLevTSGsQIMsxE43IQAl70FsEskIShp9OTNOlZ6K6RhJCzF3/FiwdFvPoF3vwbO8kIrg8KXr9XRVc9NxJcgWW9G1PTM7Nz86mF9OLS8spqZm29osJYUlamoQhlzSWKCR6wMnAQrBZJRnxXsKrbPR/51RsmFQ+Da+hHrOmTdsA9TgloyclsdZ0GdBiQXG8f93b38BmevHE3UZxM1jLzhQP7tIB/E9u0xsiiBCUn89ZohTT2WQBUEKXqthVBc0AkcCrYMN2IFYsI7ZI2q2saEJ+p5mB8yhDvaKWFvVDqCgCP1a8TA+Ir1fdd3ekT6Kif3kj8y6vH4J00BzyIYmABnXzkxQJDiEe54BaXjILoa0Ko5HpXTDtEEgo6vbQO4fNS/D+p5E37yCxcHWaLl0kcKbSJtlEO2egYFdEFKqEyougW3aNH9GTcGQ/Gs/EyaZ0ykpkN9A3G6wfAfJhv</latexit>

k✓(x, x
0) = ✓k(x, x0)
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LOO-CV ESTIMATOR IS SENSITIVE TO SMOOTHNESS

for the Brownian motion kernel in the noiseless setting, CV can yield asymptotically well-
calibrated uncertainty estimates for a broader class of functions f than the ML estimator!

Naslidnyk, M., Kanagawa, M., Karvonen, T., and Mahsereci, M. (2023). Comparing Scale Parameter Estimators for Gaussian Process Regression: Cross Validation and Maximum Likelihood.
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LOO-CV ESTIMATOR IS SENSITIVE TO SMOOTHNESS

<latexit sha1_base64="pZLC7c0w0taJvebT/5GYSz2ybqk="></latexit>

⌧̂2n,CV = 1
n

Pn
i=1

(yi�m̃\i(xi))
2

k̃\i(xi,xi)
.… but it is not robust to outliers!

Naslidnyk, M., Kanagawa, M., Karvonen, T., and Mahsereci, M. (2023). Comparing Scale Parameter Estimators for Gaussian Process Regression: Cross Validation and Maximum Likelihood.

for the Brownian motion kernel in the noiseless setting, CV can yield asymptotically well-
calibrated uncertainty estimates for a broader class of functions f than the ML estimator!
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 Smoothness misspecification  Likelihood misspecification

<latexit sha1_base64="96u0fca/yRcjE5wwGzcEbjPpSq4="></latexit>

posterior / prior⇥ likelihood

TYPES OF MISSPECIFICATION

LOO-CV Estimator is sensitive to smoothness.
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 Smoothness misspecifi  Likelihood misspecification

<latexit sha1_base64="96u0fca/yRcjE5wwGzcEbjPpSq4="></latexit>

posterior / prior⇥ likelihood

TYPES OF MISSPECIFICATION

Robust distance-based methods are a practical remedy, but previously 
proposed distances between conditional distributions are intractable!

LOO-CV Estimator is sensitive to smoothness.



BACK TO THE MOTIVATING EXAMPLE
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EMBEDDING CONDITIONAL DISTRIBUTIONS

<latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y

<latexit sha1_base64="+qhih8NvcWMwSVCTnLgV8YwVl7g=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTPV+tgV3Oiugn3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8x01bweSBwOOdecu6JEs608bx3Z2FxaXlltbBWXN/Y3Nou7ew2tUwVoQ0iuVTtCGvKmaANwwyn7URRHEectqLRZe637qjSTIpbM05oGOOBYH1GsLFS0ImxGRLMs/akWyp7bqV67F9U0W/iu94UZZij3i29dXqSpDEVhnCsdeB7iQkzrAwjnE6KnVTTBJMRHtDAUoFjqsNsGnmCDq3SQ32p7BMGTdWvGxmOtR7HkZ3MI+qfXi7+5QWp6Z+HGRNJaqggs4/6KUdGovx+1GOKEsPHlmCimM2KyBArTIxtqWhL+LwU/U+aFdc/das3J+Xa9byOAuzDARyBD2dQgyuoQwMISLiHR3hyjPPgPDsvs9EFZ76zB9/gvH4ABRGRyg==</latexit>

X
<latexit sha1_base64="nCO5cNDuc5boBy01ACpZbyQ9Tus=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWCpuApJpT52BTd1IxXsQ9oQJtNJO3TyYGYilJCN+CduXCji1g/wA9z5Bf6AH+CkVfF54MLhnHu59x43YlRI03zWJianpmdmc3P5+YXFpWV9ZbUhwphjUschC3nLRYIwGpC6pJKRVsQJ8l1Gmu7gMPOb54QLGganchgR20e9gHoUI6kkR1/v+Ej2MWJJNXU++Vnq6AXTKJV3rIMy/E0swxyhUNk6Ll6+Pr7UHP2p0w1x7JNAYoaEaFtmJO0EcUkxI2m+EwsSITxAPdJWNEA+EXYyeiCFRaV0oRdyVYGEI/XrRIJ8IYa+qzqzE8VPLxP/8tqx9PbthAZRLEmAx4u8mEEZwiwN2KWcYMmGiiDMqboV4j7iCEuVWV6F8PEp/J80Soa1a5RPrELlCIyRAxtgE2wDC+yBCqiCGqgDDFJwBW7ArXahXWt32v24dUJ7n1kD36A9vAE4HZtE</latexit>

HY

<latexit sha1_base64="D500cDi+TetlDnzH5rCiynYBzJk=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIR4GWaicbkFvOgtglkwGYaeTk/SpKdn6O4Rw5C/8OJBEa/+jTf/xs4iuD4oeLxXRVW9IOFMacd5t+bmFxaXlnMr+dW19Y3NwtZ2Q8WpJLROYh7LVoAV5UzQumaa01YiKY4CTpvB4HzsN2+pVCwW13qYUC/CPcFCRrA20k0nSv2kdOe7B36h6NjlyqF7VkG/iWs7ExRhhppfeOt0Y5JGVGjCsVJt10m0l2GpGeF0lO+kiiaYDHCPtg0VOKLKyyYXj9C+UboojKUpodFE/TqR4UipYRSYzgjrvvrpjcW/vHaqw1MvYyJJNRVkuihMOdIxGr+PukxSovnQEEwkM7ci0scSE21CypsQPj9F/5NG2XaP7crVUbF6OYsjB7uwByVw4QSqcAE1qAMBAffwCE+Wsh6sZ+tl2jpnzWZ24Bus1w8mn5Cg</latexit>

µp(x1)
<latexit sha1_base64="vLeIOZt/Mnr+XHMnr9j0Q5CiOjI=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIR4GWaicbkFvOgtglkwGYaeTk/SpKdn6O4Rw5C/8OJBEa/+jTf/xs4iuD4oeLxXRVW9IOFMacd5t+bmFxaXlnMr+dW19Y3NwtZ2Q8WpJLROYh7LVoAV5UzQumaa01YiKY4CTpvB4HzsN2+pVCwW13qYUC/CPcFCRrA20k0nSv2kdOeXD/xC0bHLlUP3rIJ+E9d2JijCDDW/8NbpxiSNqNCEY6XarpNoL8NSM8LpKN9JFU0wGeAebRsqcESVl00uHqF9o3RRGEtTQqOJ+nUiw5FSwygwnRHWffXTG4t/ee1Uh6dexkSSairIdFGYcqRjNH4fdZmkRPOhIZhIZm5FpI8lJtqElDchfH6K/ieNsu0e25Wro2L1chZHDnZhD0rgwglU4QJqUAcCAu7hEZ4sZT1Yz9bLtHXOms3swDdYrx8oJJCh</latexit>

µp(x2)

<latexit sha1_base64="aWHFxcrEfNqums1l5KraRQAmqj0=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiDEyzCTGJdbwIveIpgFk2Ho6XSSJj09Q3ePGIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBTFnSjvOu5VZWFxaXsmu5tbWNza38ts7DRUlktA6iXgkWwFWlDNB65ppTluxpDgMOG0Gw/OJ37ylUrFIXOtRTL0Q9wXrMYK1kW46YeLHxTu/fOjnC45dqpTdswr6TVzbmaIAc9T8/FunG5EkpEITjpVqu06svRRLzQin41wnUTTGZIj7tG2owCFVXjq9eIwOjNJFvUiaEhpN1a8TKQ6VGoWB6QyxHqif3kT8y2snunfqpUzEiaaCzBb1Eo50hCbvoy6TlGg+MgQTycytiAywxESbkHImhM9P0f+kUbLdY7tydVSoXs7jyMIe7EMRXDiBKlxADepAQMA9PMKTpawH69l6mbVmrPnMLnyD9foBKamQog==</latexit>

µp(x3)

<latexit sha1_base64="qxR3VznPqhCoy8N+TEIrVCXpPwc=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiDEyzATE5dbwIveIpgFk2Ho6XSSJj09Q3ePGIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBTFnSjvOu5VZWFxaXsmu5tbWNza38ts7DRUlktA6iXgkWwFWlDNB65ppTluxpDgMOG0Gw/OJ37ylUrFIXOtRTL0Q9wXrMYK1kW46YeLHxTu/fOjnC45dqhy5ZxX0m7i2M0UB5qj5+bdONyJJSIUmHCvVdp1YeymWmhFOx7lOomiMyRD3adtQgUOqvHR68RgdGKWLepE0JTSaql8nUhwqNQoD0xliPVA/vYn4l9dOdO/US5mIE00FmS3qJRzpCE3eR10mKdF8ZAgmkplbERlgiYk2IeVMCJ+fov9Jo2S7x3blqlyoXs7jyMIe7EMRXDiBKlxADepAQMA9PMKTpawH69l6mbVmrPnMLnyD9foBKy6Qow==</latexit>

µp(x4)

<latexit sha1_base64="V4XUdjiCWpw3XpFPOVan1i1v3XU=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIR4GWai43ILeNFbBLNgMgw9nU7SpKdn6O4Rw5C/8OJBEa/+jTf/xs4iuD4oeLxXRVW9MOFMacd5t+bmFxaXlnMr+dW19Y3NwtZ2XcWpJLRGYh7LZogV5UzQmmaa02YiKY5CThvh4HzsN26pVCwW13qYUD/CPcG6jGBtpJt2lAZJ6S7wDoJC0bHL3qF75qHfxLWdCYowQzUovLU7MUkjKjThWKmW6yTaz7DUjHA6yrdTRRNMBrhHW4YKHFHlZ5OLR2jfKB3UjaUpodFE/TqR4UipYRSazgjrvvrpjcW/vFaqu6d+xkSSairIdFE35UjHaPw+6jBJieZDQzCRzNyKSB9LTLQJKW9C+PwU/U/qZds9tr2ro2LlchZHDnZhD0rgwglU4AKqUAMCAu7hEZ4sZT1Yz9bLtHXOms3swDdYrx8ss5Ck</latexit>

µp(x5)
<latexit sha1_base64="Ma7EhB42YqDlQasYF8IXtwrP4P8=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvHiMaBZIhtDT6UmadPcM3T1iGPIJXjwo4tUv8ubf2FkE1wcFj/eqqKoXJpxp43nvTm5hcWl5Jb9aWFvf2Nwqbu80dJwqQusk5rFqhVhTziStG2Y4bSWKYhFy2gyHFxO/eUuVZrG8MaOEBgL3JYsYwcZK13ddv1sseW65cuSfV9Bv4rveFCWYo9YtvnV6MUkFlYZwrHXb9xITZFgZRjgdFzqppgkmQ9ynbUslFlQH2fTUMTqwSg9FsbIlDZqqXycyLLQeidB2CmwG+qc3Ef/y2qmJzoKMySQ1VJLZoijlyMRo8jfqMUWJ4SNLMFHM3orIACtMjE2nYEP4/BT9Txpl1z9xK1fHpWp1Hkce9mAfDsGHU6jCJdSgDgT6cA+P8ORw58F5dl5mrTlnPrML3+C8fgB6vI3z</latexit>x1

<latexit sha1_base64="DgKGPFxB67REn5R5+xFFE3x7KVI=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvHiMaBZIhtDT6UmadPcM3T1iGPIJXjwo4tUv8ubf2FkE1wcFj/eqqKoXJpxp43nvTm5hcWl5Jb9aWFvf2Nwqbu80dJwqQusk5rFqhVhTziStG2Y4bSWKYhFy2gyHFxO/eUuVZrG8MaOEBgL3JYsYwcZK13fdcrdY8txy5cg/r6DfxHe9KUowR61bfOv0YpIKKg3hWOu27yUmyLAyjHA6LnRSTRNMhrhP25ZKLKgOsumpY3RglR6KYmVLGjRVv05kWGg9EqHtFNgM9E9vIv7ltVMTnQUZk0lqqCSzRVHKkYnR5G/UY4oSw0eWYKKYvRWRAVaYGJtOwYbw+Sn6nzTKrn/iVq6OS9XqPI487ME+HIIPp1CFS6hBHQj04R4e4cnhzoPz7LzMWnPOfGYXvsF5/QB8QI30</latexit>x2
<latexit sha1_base64="86omeiCCrMJYGUT+W8CWet4XEhU=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0xiXG4BLx4jmgWSIfR0epImPd1Dd48YhnyCFw+KePWLvPk3dhbB9UHB470qquqFCWfaeN67s7C4tLyymlvLr29sbm0XdnYbWqaK0DqRXKpWiDXlTNC6YYbTVqIojkNOm+HwYuI3b6nSTIobM0poEOO+YBEj2Fjp+q5b7haKnluqlP3zCvpNfNeboghz1LqFt05PkjSmwhCOtW77XmKCDCvDCKfjfCfVNMFkiPu0banAMdVBNj11jA6t0kORVLaEQVP160SGY61HcWg7Y2wG+qc3Ef/y2qmJzoKMiSQ1VJDZoijlyEg0+Rv1mKLE8JElmChmb0VkgBUmxqaTtyF8for+J42S65+4lavjYrU6jyMH+3AAR+DDKVThEmpQBwJ9uIdHeHK48+A8Oy+z1gVnPrMH3+C8fgB9xI31</latexit>x3

<latexit sha1_base64="FA27mWoCCEgB1PONeiY3WPBXCgo=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZi4nILePEY0ZhAMoSeTk/SpKd76O4Rw5BP8OJBEa9+kTf/xs4iuD4oeLxXRVW9MOFMG897d3ILi0vLK/nVwtr6xuZWcXvnRstUEdogkkvVCrGmnAnaMMxw2koUxXHIaTMcnk/85i1VmklxbUYJDWLcFyxiBBsrXd11K91iyXPL1SP/rIp+E9/1pijBHPVu8a3TkySNqTCEY63bvpeYIMPKMMLpuNBJNU0wGeI+bVsqcEx1kE1PHaMDq/RQJJUtYdBU/TqR4VjrURzazhibgf7pTcS/vHZqotMgYyJJDRVktihKOTISTf5GPaYoMXxkCSaK2VsRGWCFibHpFGwIn5+i/8lN2fWP3eplpVSrzePIwx7swyH4cAI1uIA6NIBAH+7hEZ4c7jw4z87LrDXnzGd24Ruc1w9/SI32</latexit>x4
<latexit sha1_base64="/8DZdUAyrFLbGxFqWksRrsZYpUo=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiTV+NgF3LisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9x+hB8HrhwOOde7r0nTDlT2nHercLC4tLySnG1tLa+sblV3t5pqCSThNZJwhPZCrGinAla10xz2kolxXHIaTMcXkz85i2ViiXiRo9SGsS4L1jECNZGur7ret1yxbGr3pF77qHfxLWdKSowR61bfuv0EpLFVGjCsVJt10l1kGOpGeF0XOpkiqaYDHGftg0VOKYqyKenjtGBUXooSqQpodFU/TqR41ipURyazhjrgfrpTcS/vHamo7MgZyLNNBVktijKONIJmvyNekxSovnIEEwkM7ciMsASE23SKZkQPj9F/5NG1XZPbO/quOL78ziKsAf7cAgunIIPl1CDOhDowz08wpPFrQfr2XqZtRas+cwufIP1+gGAzI33</latexit>x5

23

<latexit sha1_base64="8rYJq1isf4qmLxEROgd04+Mcsf0=">AAAB9HicdVBJSgNBFP3tGOMUdemmMERcNd2ROOwCbnQjEcwgSROqK9VJkerBqupAaLLzDm5cKOLWY3gAd57AC3gAqxMFxwcFj/f+5796bsSZVJb1YkxNz8zOzWcWsotLyyurubX1mgxjQWiVhDwUDRdLyllAq4opThuRoNh3Oa27/aPUrw+okCwMztUwoo6PuwHzGMFKS06/3fKx6hHMk4tRO5e3zGJp1z4sod/ENq0x8uXt08LV29NrpZ17bnVCEvs0UIRjKZu2FSknwUIxwuko24oljTDp4y5tahpgn0onGYceoYJWOsgLhX6BQmP160aCfSmHvqsn04jyp5eKf3nNWHkHTsKCKFY0IJNDXsyRClHaAOowQYniQ00wEUxnRaSHBSZK95TVJXz+FP1PakXT3jNLZ3a+fAITZGATtmAHbNiHMhxDBapA4BKu4RbujIFxY9wbD5PRKeNjZwO+wXh8B+WBlqQ=</latexit>

kY



EMBEDDING CONDITIONAL DISTRIBUTIONS

<latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y

<latexit sha1_base64="+qhih8NvcWMwSVCTnLgV8YwVl7g=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTPV+tgV3Oiugn3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8x01bweSBwOOdecu6JEs608bx3Z2FxaXlltbBWXN/Y3Nou7ew2tUwVoQ0iuVTtCGvKmaANwwyn7URRHEectqLRZe637qjSTIpbM05oGOOBYH1GsLFS0ImxGRLMs/akWyp7bqV67F9U0W/iu94UZZij3i29dXqSpDEVhnCsdeB7iQkzrAwjnE6KnVTTBJMRHtDAUoFjqsNsGnmCDq3SQ32p7BMGTdWvGxmOtR7HkZ3MI+qfXi7+5QWp6Z+HGRNJaqggs4/6KUdGovx+1GOKEsPHlmCimM2KyBArTIxtqWhL+LwU/U+aFdc/das3J+Xa9byOAuzDARyBD2dQgyuoQwMISLiHR3hyjPPgPDsvs9EFZ76zB9/gvH4ABRGRyg==</latexit>

X
<latexit sha1_base64="nCO5cNDuc5boBy01ACpZbyQ9Tus=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWCpuApJpT52BTd1IxXsQ9oQJtNJO3TyYGYilJCN+CduXCji1g/wA9z5Bf6AH+CkVfF54MLhnHu59x43YlRI03zWJianpmdmc3P5+YXFpWV9ZbUhwphjUschC3nLRYIwGpC6pJKRVsQJ8l1Gmu7gMPOb54QLGganchgR20e9gHoUI6kkR1/v+Ej2MWJJNXU++Vnq6AXTKJV3rIMy/E0swxyhUNk6Ll6+Pr7UHP2p0w1x7JNAYoaEaFtmJO0EcUkxI2m+EwsSITxAPdJWNEA+EXYyeiCFRaV0oRdyVYGEI/XrRIJ8IYa+qzqzE8VPLxP/8tqx9PbthAZRLEmAx4u8mEEZwiwN2KWcYMmGiiDMqboV4j7iCEuVWV6F8PEp/J80Soa1a5RPrELlCIyRAxtgE2wDC+yBCqiCGqgDDFJwBW7ArXahXWt32v24dUJ7n1kD36A9vAE4HZtE</latexit>

HY

<latexit sha1_base64="D500cDi+TetlDnzH5rCiynYBzJk=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIR4GWaicbkFvOgtglkwGYaeTk/SpKdn6O4Rw5C/8OJBEa/+jTf/xs4iuD4oeLxXRVW9IOFMacd5t+bmFxaXlnMr+dW19Y3NwtZ2Q8WpJLROYh7LVoAV5UzQumaa01YiKY4CTpvB4HzsN2+pVCwW13qYUC/CPcFCRrA20k0nSv2kdOe7B36h6NjlyqF7VkG/iWs7ExRhhppfeOt0Y5JGVGjCsVJt10m0l2GpGeF0lO+kiiaYDHCPtg0VOKLKyyYXj9C+UboojKUpodFE/TqR4UipYRSYzgjrvvrpjcW/vHaqw1MvYyJJNRVkuihMOdIxGr+PukxSovnQEEwkM7ci0scSE21CypsQPj9F/5NG2XaP7crVUbF6OYsjB7uwByVw4QSqcAE1qAMBAffwCE+Wsh6sZ+tl2jpnzWZ24Bus1w8mn5Cg</latexit>

µp(x1)
<latexit sha1_base64="vLeIOZt/Mnr+XHMnr9j0Q5CiOjI=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIR4GWaicbkFvOgtglkwGYaeTk/SpKdn6O4Rw5C/8OJBEa/+jTf/xs4iuD4oeLxXRVW9IOFMacd5t+bmFxaXlnMr+dW19Y3NwtZ2Q8WpJLROYh7LVoAV5UzQumaa01YiKY4CTpvB4HzsN2+pVCwW13qYUC/CPcFCRrA20k0nSv2kdOeXD/xC0bHLlUP3rIJ+E9d2JijCDDW/8NbpxiSNqNCEY6XarpNoL8NSM8LpKN9JFU0wGeAebRsqcESVl00uHqF9o3RRGEtTQqOJ+nUiw5FSwygwnRHWffXTG4t/ee1Uh6dexkSSairIdFGYcqRjNH4fdZmkRPOhIZhIZm5FpI8lJtqElDchfH6K/ieNsu0e25Wro2L1chZHDnZhD0rgwglU4QJqUAcCAu7hEZ4sZT1Yz9bLtHXOms3swDdYrx8oJJCh</latexit>

µp(x2)

<latexit sha1_base64="aWHFxcrEfNqums1l5KraRQAmqj0=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiDEyzCTGJdbwIveIpgFk2Ho6XSSJj09Q3ePGIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBTFnSjvOu5VZWFxaXsmu5tbWNza38ts7DRUlktA6iXgkWwFWlDNB65ppTluxpDgMOG0Gw/OJ37ylUrFIXOtRTL0Q9wXrMYK1kW46YeLHxTu/fOjnC45dqpTdswr6TVzbmaIAc9T8/FunG5EkpEITjpVqu06svRRLzQin41wnUTTGZIj7tG2owCFVXjq9eIwOjNJFvUiaEhpN1a8TKQ6VGoWB6QyxHqif3kT8y2snunfqpUzEiaaCzBb1Eo50hCbvoy6TlGg+MgQTycytiAywxESbkHImhM9P0f+kUbLdY7tydVSoXs7jyMIe7EMRXDiBKlxADepAQMA9PMKTpawH69l6mbVmrPnMLnyD9foBKamQog==</latexit>

µp(x3)

<latexit sha1_base64="qxR3VznPqhCoy8N+TEIrVCXpPwc=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiDEyzATE5dbwIveIpgFk2Ho6XSSJj09Q3ePGIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBTFnSjvOu5VZWFxaXsmu5tbWNza38ts7DRUlktA6iXgkWwFWlDNB65ppTluxpDgMOG0Gw/OJ37ylUrFIXOtRTL0Q9wXrMYK1kW46YeLHxTu/fOjnC45dqhy5ZxX0m7i2M0UB5qj5+bdONyJJSIUmHCvVdp1YeymWmhFOx7lOomiMyRD3adtQgUOqvHR68RgdGKWLepE0JTSaql8nUhwqNQoD0xliPVA/vYn4l9dOdO/US5mIE00FmS3qJRzpCE3eR10mKdF8ZAgmkplbERlgiYk2IeVMCJ+fov9Jo2S7x3blqlyoXs7jyMIe7EMRXDiBKlxADepAQMA9PMKTpawH69l6mbVmrPnMLnyD9foBKy6Qow==</latexit>

µp(x4)

<latexit sha1_base64="V4XUdjiCWpw3XpFPOVan1i1v3XU=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIR4GWai43ILeNFbBLNgMgw9nU7SpKdn6O4Rw5C/8OJBEa/+jTf/xs4iuD4oeLxXRVW9MOFMacd5t+bmFxaXlnMr+dW19Y3NwtZ2XcWpJLRGYh7LZogV5UzQmmaa02YiKY5CThvh4HzsN26pVCwW13qYUD/CPcG6jGBtpJt2lAZJ6S7wDoJC0bHL3qF75qHfxLWdCYowQzUovLU7MUkjKjThWKmW6yTaz7DUjHA6yrdTRRNMBrhHW4YKHFHlZ5OLR2jfKB3UjaUpodFE/TqR4UipYRSazgjrvvrpjcW/vFaqu6d+xkSSairIdFE35UjHaPw+6jBJieZDQzCRzNyKSB9LTLQJKW9C+PwU/U/qZds9tr2ro2LlchZHDnZhD0rgwglU4AKqUAMCAu7hEZ4sZT1Yz9bLtHXOms3swDdYrx8ss5Ck</latexit>

µp(x5)
<latexit sha1_base64="Ma7EhB42YqDlQasYF8IXtwrP4P8=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvHiMaBZIhtDT6UmadPcM3T1iGPIJXjwo4tUv8ubf2FkE1wcFj/eqqKoXJpxp43nvTm5hcWl5Jb9aWFvf2Nwqbu80dJwqQusk5rFqhVhTziStG2Y4bSWKYhFy2gyHFxO/eUuVZrG8MaOEBgL3JYsYwcZK13ddv1sseW65cuSfV9Bv4rveFCWYo9YtvnV6MUkFlYZwrHXb9xITZFgZRjgdFzqppgkmQ9ynbUslFlQH2fTUMTqwSg9FsbIlDZqqXycyLLQeidB2CmwG+qc3Ef/y2qmJzoKMySQ1VJLZoijlyMRo8jfqMUWJ4SNLMFHM3orIACtMjE2nYEP4/BT9Txpl1z9xK1fHpWp1Hkce9mAfDsGHU6jCJdSgDgT6cA+P8ORw58F5dl5mrTlnPrML3+C8fgB6vI3z</latexit>x1

<latexit sha1_base64="DgKGPFxB67REn5R5+xFFE3x7KVI=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvHiMaBZIhtDT6UmadPcM3T1iGPIJXjwo4tUv8ubf2FkE1wcFj/eqqKoXJpxp43nvTm5hcWl5Jb9aWFvf2Nwqbu80dJwqQusk5rFqhVhTziStG2Y4bSWKYhFy2gyHFxO/eUuVZrG8MaOEBgL3JYsYwcZK13fdcrdY8txy5cg/r6DfxHe9KUowR61bfOv0YpIKKg3hWOu27yUmyLAyjHA6LnRSTRNMhrhP25ZKLKgOsumpY3RglR6KYmVLGjRVv05kWGg9EqHtFNgM9E9vIv7ltVMTnQUZk0lqqCSzRVHKkYnR5G/UY4oSw0eWYKKYvRWRAVaYGJtOwYbw+Sn6nzTKrn/iVq6OS9XqPI487ME+HIIPp1CFS6hBHQj04R4e4cnhzoPz7LzMWnPOfGYXvsF5/QB8QI30</latexit>x2
<latexit sha1_base64="86omeiCCrMJYGUT+W8CWet4XEhU=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0xiXG4BLx4jmgWSIfR0epImPd1Dd48YhnyCFw+KePWLvPk3dhbB9UHB470qquqFCWfaeN67s7C4tLyymlvLr29sbm0XdnYbWqaK0DqRXKpWiDXlTNC6YYbTVqIojkNOm+HwYuI3b6nSTIobM0poEOO+YBEj2Fjp+q5b7haKnluqlP3zCvpNfNeboghz1LqFt05PkjSmwhCOtW77XmKCDCvDCKfjfCfVNMFkiPu0banAMdVBNj11jA6t0kORVLaEQVP160SGY61HcWg7Y2wG+qc3Ef/y2qmJzoKMiSQ1VJDZoijlyEg0+Rv1mKLE8JElmChmb0VkgBUmxqaTtyF8for+J42S65+4lavjYrU6jyMH+3AAR+DDKVThEmpQBwJ9uIdHeHK48+A8Oy+z1gVnPrMH3+C8fgB9xI31</latexit>x3

<latexit sha1_base64="FA27mWoCCEgB1PONeiY3WPBXCgo=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZi4nILePEY0ZhAMoSeTk/SpKd76O4Rw5BP8OJBEa9+kTf/xs4iuD4oeLxXRVW9MOFMG897d3ILi0vLK/nVwtr6xuZWcXvnRstUEdogkkvVCrGmnAnaMMxw2koUxXHIaTMcnk/85i1VmklxbUYJDWLcFyxiBBsrXd11K91iyXPL1SP/rIp+E9/1pijBHPVu8a3TkySNqTCEY63bvpeYIMPKMMLpuNBJNU0wGeI+bVsqcEx1kE1PHaMDq/RQJJUtYdBU/TqR4VjrURzazhibgf7pTcS/vHZqotMgYyJJDRVktihKOTISTf5GPaYoMXxkCSaK2VsRGWCFibHpFGwIn5+i/8lN2fWP3eplpVSrzePIwx7swyH4cAI1uIA6NIBAH+7hEZ4c7jw4z87LrDXnzGd24Ruc1w9/SI32</latexit>x4
<latexit sha1_base64="/8DZdUAyrFLbGxFqWksRrsZYpUo=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiTV+NgF3LisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9x+hB8HrhwOOde7r0nTDlT2nHercLC4tLySnG1tLa+sblV3t5pqCSThNZJwhPZCrGinAla10xz2kolxXHIaTMcXkz85i2ViiXiRo9SGsS4L1jECNZGur7ret1yxbGr3pF77qHfxLWdKSowR61bfuv0EpLFVGjCsVJt10l1kGOpGeF0XOpkiqaYDHGftg0VOKYqyKenjtGBUXooSqQpodFU/TqR41ipURyazhjrgfrpTcS/vHamo7MgZyLNNBVktijKONIJmvyNekxSovnIEEwkM7ciMsASE23SKZkQPj9F/5NG1XZPbO/quOL78ziKsAf7cAgunIIPl1CDOhDowz08wpPFrQfr2XqZtRas+cwufIP1+gGAzI33</latexit>x5

 For any ,  is a probability measure on :
<latexit sha1_base64="WXPIlKmOvR7BHcxJSijcOz1+UJY=">AAAB+nicdVDLSsNAFJ3UV62vVJe6GCyCq5BU6mNXcKO7CvYBTSiT6aQdOpmEmYlaYv/DjRsFRdz6JYILf8WVk1bB54GBwzn3cs8cP2ZUKtt+NXJT0zOzc/n5wsLi0vKKWVxtyCgRmNRxxCLR8pEkjHJSV1Qx0ooFQaHPSNMfHGZ+84wISSN+qoYx8ULU4zSgGCktdcziBXQph26IVB8jlrZGHbNkW+XKjnNQgb+JY9ljlKrG7RXceHmrdcxntxvhJCRcYYakbDt2rLwUCUUxI6OCm0gSIzxAPdLWlKOQSC8dRx/BLa10YRAJ/biCY/XrRopCKYehryeziPKnl4l/ee1EBfteSnmcKMLx5FCQMKgimPUAu1QQrNhQE4QF1Vkh7iOBsNJtFXQJnz+F/5NG2XJ2rcqJU6oegwnyYB1sgm3ggD1QBUegBuoAg3NwDe7AvXFp3BgPxuNkNGd87KyBbzCe3gEYj5em</latexit>

x 2 X
<latexit sha1_base64="w8zszep787fcOrUPrztxBV4dQ2c=">AAAB8nicdVDJSgNBEK1xjXGLevTSGIQEJMxE4nILeNFbBLNAEkJPpydp0jM9dNeIIQT8CS8eFPHq13jzb+wkCq4PCh7vVVGvyo+lMOi6b87c/MLi0nJqJb26tr6xmdnarhmVaMarTEmlGz41XIqIV1Gg5I1Ycxr6ktf9wdnEr19zbYSKrnAY83ZIe5EIBKNopWacuzkgLdZVmO9ksm6hWDr0TkvkN/EK7hTZcv4WJqh0Mq+trmJJyCNkkhrT9NwY2yOqUTDJx+lWYnhM2YD2eNPSiIbctEfTyGOyb5UuCZS2FSGZql8nRjQ0Zhj6tjOk2Dc/vYn4l9dMMDhpj0QUJ8gjNlsUJJKgIpP7SVdozlAOLaFMC5uVsD7VlKH9Uto+4fNS8j+pFQveUaF06WXLFzBDCnZhD3LgwTGU4RwqUAUGCu7gAR4ddO6dJ+d51jrnfMzswDc4L+++dZG1</latexit>

p(x, ·) <latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y
<latexit sha1_base64="w8zszep787fcOrUPrztxBV4dQ2c=">AAAB8nicdVDJSgNBEK1xjXGLevTSGIQEJMxE4nILeNFbBLNAEkJPpydp0jM9dNeIIQT8CS8eFPHq13jzb+wkCq4PCh7vVVGvyo+lMOi6b87c/MLi0nJqJb26tr6xmdnarhmVaMarTEmlGz41XIqIV1Gg5I1Ycxr6ktf9wdnEr19zbYSKrnAY83ZIe5EIBKNopWacuzkgLdZVmO9ksm6hWDr0TkvkN/EK7hTZcv4WJqh0Mq+trmJJyCNkkhrT9NwY2yOqUTDJx+lWYnhM2YD2eNPSiIbctEfTyGOyb5UuCZS2FSGZql8nRjQ0Zhj6tjOk2Dc/vYn4l9dMMDhpj0QUJ8gjNlsUJJKgIpP7SVdozlAOLaFMC5uVsD7VlKH9Uto+4fNS8j+pFQveUaF06WXLFzBDCnZhD3LgwTGU4RwqUAUGCu7gAR4ddO6dJ+d51jrnfMzswDc4L+++dZG1</latexit>

p(x, ·)

<latexit sha1_base64="83CmK8uXvliWLYx/tnrkT3ep/7Q="></latexit>

µp(x)(y) = EY⇠p(x,·)[kY(Y, y)] =

Z

Y
kY(y

0, y)p(x, dy0)

<latexit sha1_base64="S1u4gHIMOokXdJvMe69zEap0Tqw="></latexit>

P(Y 2 A|X = x) =

Z

A
p(x, dy)

  can be mapped to a function , its conditional kernel mean embedding, <latexit sha1_base64="0fFPHLMG4CoO0lcTFZ9Z7mlFYvE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvOgtAZMIyRB6OjVJm56F7h4hDPkCLx4U8eonefNv7CyC64OCx3tVVNXzE8GVdpx3K7ewuLS8kl8trK1vbG4Vt3eaKk4lwwaLRSxvfKpQ8AgbmmuBN4lEGvoCW/7wYuK37lAqHkfXepSgF9J+xAPOqDZSPekWS45drhy55xXym7i2M0UJ5qh1i2+dXszSECPNBFWq7TqJ9jIqNWcCx4VOqjChbEj72DY0oiEqL5seOiYHRumRIJamIk2m6teJjIZKjULfdIZUD9RPbyL+5bVTHZx5GY+SVGPEZouCVBAdk8nXpMclMi1GhlAmubmVsAGVlGmTTcGE8Pkp+Z80y7Z7Ylfqx6Xq1TyOPOzBPhyCC6dQhUuoQQMYINzDIzxZt9aD9Wy9zFpz1nxmF77Bev0AS+mNUA==</latexit>p
<latexit sha1_base64="Y2aYslg7ybRcnWH7TQ6bbaSNvKg=">AAACEHicdVC7TsMwFHV4lvIqMLJYVAWmKCkqj60SS1lQkegDNVXkuE5r1XnIdpCqKBsrC7/CwgBCLAyMbHwBP8AH4LRQ8TySpeNz7tW99zgho0Iaxos2MTk1PTObmcvOLywuLedWVusiiDgmNRywgDcdJAijPqlJKhlphpwgz2Gk4fQPU79xTriggX8qByFpe6jrU5diJJVk57YsD8keRixuJtCSARz/K4k95meJncsberG0Yx6U4G9i6sYQ+fLmceHi7fG1aueerU6AI4/4EjMkRMs0QtmOEZcUM5JkrUiQEOE+6pKWoj7yiGjHw4MSWFBKB7oBV8+XcKh+7YiRJ8TAc1RluqL46aXiX14rku5+O6Z+GEni49EgN2JQHZ6mAzuUEyzZQBGEOVW7QtxDHGGpMsyqED4vhf+TelE3d/XSiZkvH4ERMmAdbIBtYII9UAYVUAU1gMEluAa34E670m60e+1hVDqhffSsgW/Qnt4BZleh6Q==</latexit>

X ! HY<latexit sha1_base64="0fFPHLMG4CoO0lcTFZ9Z7mlFYvE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvOgtAZMIyRB6OjVJm56F7h4hDPkCLx4U8eonefNv7CyC64OCx3tVVNXzE8GVdpx3K7ewuLS8kl8trK1vbG4Vt3eaKk4lwwaLRSxvfKpQ8AgbmmuBN4lEGvoCW/7wYuK37lAqHkfXepSgF9J+xAPOqDZSPekWS45drhy55xXym7i2M0UJ5qh1i2+dXszSECPNBFWq7TqJ9jIqNWcCx4VOqjChbEj72DY0oiEqL5seOiYHRumRIJamIk2m6teJjIZKjULfdIZUD9RPbyL+5bVTHZx5GY+SVGPEZouCVBAdk8nXpMclMi1GhlAmubmVsAGVlGmTTcGE8Pkp+Z80y7Z7Ylfqx6Xq1TyOPOzBPhyCC6dQhUuoQQMYINzDIzxZt9aD9Wy9zFpz1nxmF77Bev0AS+mNUA==</latexit>p
<latexit sha1_base64="Y2aYslg7ybRcnWH7TQ6bbaSNvKg=">AAACEHicdVC7TsMwFHV4lvIqMLJYVAWmKCkqj60SS1lQkegDNVXkuE5r1XnIdpCqKBsrC7/CwgBCLAyMbHwBP8AH4LRQ8TySpeNz7tW99zgho0Iaxos2MTk1PTObmcvOLywuLedWVusiiDgmNRywgDcdJAijPqlJKhlphpwgz2Gk4fQPU79xTriggX8qByFpe6jrU5diJJVk57YsD8keRixuJtCSARz/K4k95meJncsberG0Yx6U4G9i6sYQ+fLmceHi7fG1aueerU6AI4/4EjMkRMs0QtmOEZcUM5JkrUiQEOE+6pKWoj7yiGjHw4MSWFBKB7oBV8+XcKh+7YiRJ8TAc1RluqL46aXiX14rku5+O6Z+GEni49EgN2JQHZ6mAzuUEyzZQBGEOVW7QtxDHGGpMsyqED4vhf+TelE3d/XSiZkvH4ERMmAdbIBtYII9UAYVUAU1gMEluAa34E670m60e+1hVDqhffSsgW/Qnt4BZleh6Q==</latexit>

X ! HY
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EXPECTED MEAN CONDITIONAL MEAN DISCREPANCY (EMCMD)

<latexit sha1_base64="Km2zeYo0kY2nDwie/iPBXSFzpe8="></latexit>

D⌫(µp, µq) = EX⇠⌫kµp(X)� µq(X)kHY
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EMCMD-BASED PARAMETER ESTIMATION

<latexit sha1_base64="t/gzNijEjVeojfkRwFCgZWKnNUM="></latexit>

✓⇤ 2 argmin
✓2⇥

D⌫(µ✓, µq)

For a model  and the true data-generating distribution , we denote  and target<latexit sha1_base64="Cx6OtRw+SoGqgiSyaw7CzfWMA4M="></latexit>p✓
<latexit sha1_base64="LkjSeZuQL4JatG38gj4Xofzr5as="></latexit>q <latexit sha1_base64="5IH8wyJWoB1sdhHWn2CYlYjWvnI="></latexit>µ✓ = µp✓

<latexit sha1_base64="Cx6OtRw+SoGqgiSyaw7CzfWMA4M="></latexit>p✓
<latexit sha1_base64="LkjSeZuQL4JatG38gj4Xofzr5as="></latexit>q <latexit sha1_base64="5IH8wyJWoB1sdhHWn2CYlYjWvnI="></latexit>µ✓ = µp✓
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EMCMD-BASED PARAMETER ESTIMATION

For a model  and the true data-generating distribution , we denote  and target<latexit sha1_base64="Cx6OtRw+SoGqgiSyaw7CzfWMA4M="></latexit>p✓
<latexit sha1_base64="LkjSeZuQL4JatG38gj4Xofzr5as="></latexit>q <latexit sha1_base64="5IH8wyJWoB1sdhHWn2CYlYjWvnI="></latexit>µ✓ = µp✓

<latexit sha1_base64="P8LtN9v3g8sNVvCGRsVncN+N7rc="></latexit>

(x1, y1)

<latexit sha1_base64="g0L8K81tADkytWWuAHeO5NFggQQ="></latexit>

(x2, y2)

<latexit sha1_base64="8JBAsEZ3dgkQtf2xCGeMD9hDoW0="></latexit>

(xn, yn)

<latexit sha1_base64="dlBELUQiuYfLh/i4NTbujYz1/yw="></latexit>

✓⇤ 2 argmin
✓2⇥

D⌫(µ✓, µq)

<latexit sha1_base64="VKGE9lZqAkAeNzuUZrKBQ4u//Qo="></latexit>

x̃2

<latexit sha1_base64="fm6KvizTbh+ZCiMkjep6GoczArc="></latexit>

x̃1

<latexit sha1_base64="YmH1fD4mQ3yn55sVRDkP9s2xZFw="></latexit>

x̃l
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EMCMD-BASED PARAMETER ESTIMATION

<latexit sha1_base64="P8LtN9v3g8sNVvCGRsVncN+N7rc="></latexit>

(x1, y1)

<latexit sha1_base64="g0L8K81tADkytWWuAHeO5NFggQQ="></latexit>

(x2, y2)

<latexit sha1_base64="8JBAsEZ3dgkQtf2xCGeMD9hDoW0="></latexit>

(xn, yn)
<latexit sha1_base64="VKGE9lZqAkAeNzuUZrKBQ4u//Qo="></latexit>

x̃2

<latexit sha1_base64="fm6KvizTbh+ZCiMkjep6GoczArc="></latexit>

x̃1

<latexit sha1_base64="YmH1fD4mQ3yn55sVRDkP9s2xZFw="></latexit>

x̃l

<latexit sha1_base64="Q5vqtPdPZ/R8NklUVxT24e5LC54="></latexit>

µ̂n
q (x)(·) = kX (x, x1:n)

> (kX (x1:n, x1:n) + n�Idn)
�1 kY(y1:n, ·), ⌫l =

1

l

lX

i=1

�x̃i
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EMCMD-BASED PARAMETER ESTIMATION

<latexit sha1_base64="P8LtN9v3g8sNVvCGRsVncN+N7rc="></latexit>

(x1, y1)

<latexit sha1_base64="g0L8K81tADkytWWuAHeO5NFggQQ="></latexit>

(x2, y2)

<latexit sha1_base64="8JBAsEZ3dgkQtf2xCGeMD9hDoW0="></latexit>

(xn, yn)

<latexit sha1_base64="6UEtEY3JV9goJeoTnO6OeR100FM="></latexit>

✓̂n,l 2 argmin
✓2⇥

D⌫l(µ✓, µ̂
n
q )

<latexit sha1_base64="VKGE9lZqAkAeNzuUZrKBQ4u//Qo="></latexit>

x̃2

<latexit sha1_base64="fm6KvizTbh+ZCiMkjep6GoczArc="></latexit>

x̃1

<latexit sha1_base64="YmH1fD4mQ3yn55sVRDkP9s2xZFw="></latexit>

x̃l

<latexit sha1_base64="Q5vqtPdPZ/R8NklUVxT24e5LC54="></latexit>

µ̂n
q (x)(·) = kX (x, x1:n)

> (kX (x1:n, x1:n) + n�Idn)
�1 kY(y1:n, ·), ⌫l =

1

l

lX

i=1

�x̃i
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THEORETICAL GUARANTEES

<latexit sha1_base64="t/gzNijEjVeojfkRwFCgZWKnNUM="></latexit>

✓⇤ 2 argmin
✓2⇥

D⌫(µ✓, µq)
<latexit sha1_base64="6UEtEY3JV9goJeoTnO6OeR100FM="></latexit>

✓̂n,l 2 argmin
✓2⇥

D⌫l(µ✓, µ̂
n
q )

<latexit sha1_base64="P8LtN9v3g8sNVvCGRsVncN+N7rc="></latexit>

(x1, y1)

<latexit sha1_base64="g0L8K81tADkytWWuAHeO5NFggQQ="></latexit>

(x2, y2)

<latexit sha1_base64="8JBAsEZ3dgkQtf2xCGeMD9hDoW0="></latexit>

(xn, yn)
<latexit sha1_base64="VKGE9lZqAkAeNzuUZrKBQ4u//Qo="></latexit>

x̃2

<latexit sha1_base64="fm6KvizTbh+ZCiMkjep6GoczArc="></latexit>

x̃1

<latexit sha1_base64="YmH1fD4mQ3yn55sVRDkP9s2xZFw="></latexit>

x̃l
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CONSISTENCY AND GENERALISATION
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<latexit sha1_base64="On7o5IY2BCpLiUAf1uifJ/a6VcY="></latexit>

✓
<latexit sha1_base64="R8odPBy0aEz5JTt8qvD1OX/mtNA="></latexit>

✓⇤

<latexit sha1_base64="yMBia1jvZT3AIbys7PWuOl991Jg=">AAACCnicdVDLSgNBEJyNrxhfUY9eRoOgIGE3Gh+3gB70FsFEIRuW2ckkGTI7u870CmHJ2Yu/4sWDIl79Am/+jbNJBJ8FDUVVN91dfiS4Btt+tzITk1PTM9nZ3Nz8wuJSfnmlrsNYUVajoQjVlU80E1yyGnAQ7CpSjAS+YJd+7zj1L2+Y0jyUF9CPWDMgHcnbnBIwkpdfdwMCXd9PTgaeK+MtN4g9F7oMyA5O+fW2ly/YxVJ51zkq49/EKdpDFNAYVS//5rZCGgdMAhVE64ZjR9BMiAJOBRvk3FiziNAe6bCGoZIETDeT4SsDvGmUFm6HypQEPFS/TiQk0Lof+KYzPVz/9FLxL68RQ/uwmXAZxcAkHS1qxwJDiNNccIsrRkH0DSFUcXMrpl2iCAWTXs6E8Pkp/p/US0Vnv1g+3ytUzsZxZNEa2kBbyEEHqIJOURXVEEW36B49oifrznqwnq2XUWvGGs+som+wXj8ASTOarw==</latexit>

D⌫(µ✓, µq)
<latexit sha1_base64="1KX9l9sBgFCYActi0inZqyKeErY="></latexit>

D⌫l1
(µ✓, µ̂

n1
q )

<latexit sha1_base64="haxUXiuD1aNrSCbvH0GWg4yPJ50="></latexit>

D⌫l2
(µ✓, µ̂

n2
q )

<latexit sha1_base64="kif/9T70yud0etb8DwcXvGBg5Pk="></latexit>

✓̂n1,l1

<latexit sha1_base64="dZ2p9YBrOLnZsufHAHcgXEaZP/Y="></latexit>

✓̂n2,l2

<latexit sha1_base64="Sze9PaySddxD6+TPFYm91nz1Btg="></latexit>

n2 > n1, l2 > l1



CONSISTENCY AND GENERALISATION

 Consistency:                                           e.f., uniformly in ;                  e.f.

 Generalisation bound:                                               e.f. 

<latexit sha1_base64="On7o5IY2BCpLiUAf1uifJ/a6VcY="></latexit>

✓

<latexit sha1_base64="On7o5IY2BCpLiUAf1uifJ/a6VcY="></latexit>

✓
<latexit sha1_base64="R8odPBy0aEz5JTt8qvD1OX/mtNA="></latexit>

✓⇤

<latexit sha1_base64="qZcjqxL6HKaUzRRhvdKrdbM8J+g="></latexit>

✓̂n,l
P�! ✓⇤

<latexit sha1_base64="BVHQBYHt+VL86v6LjWtfaxz87ss="></latexit>

D⌫(µ✓̂n,l
, µq)

P�! D⌫(µ✓⇤ , µq)

<latexit sha1_base64="xZRPMIZx7BUSwU8tVsolylTB2c0="></latexit>

D⌫l(µ✓, µ̂
n
q )

P�! D⌫(µ✓, µq)
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<latexit sha1_base64="yMBia1jvZT3AIbys7PWuOl991Jg=">AAACCnicdVDLSgNBEJyNrxhfUY9eRoOgIGE3Gh+3gB70FsFEIRuW2ckkGTI7u870CmHJ2Yu/4sWDIl79Am/+jbNJBJ8FDUVVN91dfiS4Btt+tzITk1PTM9nZ3Nz8wuJSfnmlrsNYUVajoQjVlU80E1yyGnAQ7CpSjAS+YJd+7zj1L2+Y0jyUF9CPWDMgHcnbnBIwkpdfdwMCXd9PTgaeK+MtN4g9F7oMyA5O+fW2ly/YxVJ51zkq49/EKdpDFNAYVS//5rZCGgdMAhVE64ZjR9BMiAJOBRvk3FiziNAe6bCGoZIETDeT4SsDvGmUFm6HypQEPFS/TiQk0Lof+KYzPVz/9FLxL68RQ/uwmXAZxcAkHS1qxwJDiNNccIsrRkH0DSFUcXMrpl2iCAWTXs6E8Pkp/p/US0Vnv1g+3ytUzsZxZNEa2kBbyEEHqIJOURXVEEW36B49oifrznqwnq2XUWvGGs+som+wXj8ASTOarw==</latexit>

D⌫(µ✓, µq)
<latexit sha1_base64="1KX9l9sBgFCYActi0inZqyKeErY="></latexit>

D⌫l1
(µ✓, µ̂

n1
q )

<latexit sha1_base64="haxUXiuD1aNrSCbvH0GWg4yPJ50="></latexit>

D⌫l2
(µ✓, µ̂

n2
q )

<latexit sha1_base64="kif/9T70yud0etb8DwcXvGBg5Pk="></latexit>

✓̂n1,l1

<latexit sha1_base64="dZ2p9YBrOLnZsufHAHcgXEaZP/Y="></latexit>

✓̂n2,l2

<latexit sha1_base64="Sze9PaySddxD6+TPFYm91nz1Btg="></latexit>

n2 > n1, l2 > l1



CONSISTENCY AND GENERALISATION

 Generalisation bound:                                               e.f. 
<latexit sha1_base64="BVHQBYHt+VL86v6LjWtfaxz87ss="></latexit>

D⌫(µ✓̂n,l
, µq)

P�! D⌫(µ✓⇤ , µq)

If              for some ,                                 e.f. 
<latexit sha1_base64="ZoVAb2IHpC4urbvTO7vpRWXTUWU="></latexit>

✓0
<latexit sha1_base64="ZoVAb2IHpC4urbvTO7vpRWXTUWU="></latexit>

✓0

<latexit sha1_base64="11icDHInEVufuQZMDrPmWKz+ftI="></latexit> =
)

<latexit sha1_base64="pz7FrIe+66+X45PSlNWl1sonONw="></latexit>

D⌫(µ✓̂n,l
, µ✓0)

P�! 0<latexit sha1_base64="g0e3XekgGsPwfqnssVLATABlZK0="></latexit>q = p✓0
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<latexit sha1_base64="zrTaWNVuPaOozWkJ9W5ZKqZBklY=">AAACCXicdZDLSsNAFIYn9VbrrerSzWARXIWkWi+7ghvdVegNmhAm02k7dDIJMydCCd268VXcuFDErW/gzrdxehG8/jDw8Z9zOHP+MBFcg+O8W7mFxaXllfxqYW19Y3OruL3T1HGqKGvQWMSqHRLNBJesARwEayeKkSgUrBUOLyb11g1TmseyDqOE+RHpS97jlICxgiL2siTwYMCAeOMgmxH2uMRefYLjoFhy7HLlyD2v4N/g2s5UJTRXLSi+ed2YphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxKEnEtJ9NLxnjA+N0cS9W5knAU/frREYirUdRaDojAgP9szYx/6p1Uuid+RmXSQpM0tmiXiowxHgSC+5yxSiIkQFCFTd/xXRAFKFgwiuYED4vxf9Ds2y7J3bl+rhUvZrHkUd7aB8dIhedoiq6RDXUQBTdonv0iJ6sO+vBerZeZq05az6zi77Jev0ATtmaxg==</latexit>

{p✓}✓2⇥

<latexit sha1_base64="vBRmFdEIjrF9kKpvxpE9UIS7E6k=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvOgtAbNAMoSeTiVp07PY3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+LLjSjvNuZRYWl5ZXsqu5tfWNza389k5dRYlkWGORiGTTpwoFD7GmuRbYjCXSwBfY8IcXE79xh1LxKLzWoxi9gPZD3uOMaiNVbzv5gmMXS0fueYn8Jq7tTFGAOSqd/Fu7G7EkwFAzQZVquU6svZRKzZnAca6dKIwpG9I+tgwNaYDKS6eHjsmBUbqkF0lToSZT9etESgOlRoFvOgOqB+qnNxH/8lqJ7p15KQ/jRGPIZot6iSA6IpOvSZdLZFqMDKFMcnMrYQMqKdMmm5wJ4fNT8j+pF233xC5Vjwvlq3kcWdiDfTgEF06hDJdQgRowQLiHR3iybqwH69l6mbVmrPnMLnyD9foBTW2NUQ==</latexit>q



If              for some ,                                 e.f. 
<latexit sha1_base64="ZoVAb2IHpC4urbvTO7vpRWXTUWU="></latexit>

✓0

ROBUSTNESS
almost almost

<latexit sha1_base64="6mn8LxrkG0x6o+r4hb17pLU4YDQ="></latexit>q = p✓0
<latexit sha1_base64="ZoVAb2IHpC4urbvTO7vpRWXTUWU="></latexit>

✓0
<latexit sha1_base64="pz7FrIe+66+X45PSlNWl1sonONw="></latexit>

D⌫(µ✓̂n,l
, µ✓0)

P�! 0
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<latexit sha1_base64="zrTaWNVuPaOozWkJ9W5ZKqZBklY=">AAACCXicdZDLSsNAFIYn9VbrrerSzWARXIWkWi+7ghvdVegNmhAm02k7dDIJMydCCd268VXcuFDErW/gzrdxehG8/jDw8Z9zOHP+MBFcg+O8W7mFxaXllfxqYW19Y3OruL3T1HGqKGvQWMSqHRLNBJesARwEayeKkSgUrBUOLyb11g1TmseyDqOE+RHpS97jlICxgiL2siTwYMCAeOMgmxH2uMRefYLjoFhy7HLlyD2v4N/g2s5UJTRXLSi+ed2YphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxKEnEtJ9NLxnjA+N0cS9W5knAU/frREYirUdRaDojAgP9szYx/6p1Uuid+RmXSQpM0tmiXiowxHgSC+5yxSiIkQFCFTd/xXRAFKFgwiuYED4vxf9Ds2y7J3bl+rhUvZrHkUd7aB8dIhedoiq6RDXUQBTdonv0iJ6sO+vBerZeZq05az6zi77Jev0ATtmaxg==</latexit>

{p✓}✓2⇥

<latexit sha1_base64="vBRmFdEIjrF9kKpvxpE9UIS7E6k=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvOgtAbNAMoSeTiVp07PY3SOEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+LLjSjvNuZRYWl5ZXsqu5tfWNza389k5dRYlkWGORiGTTpwoFD7GmuRbYjCXSwBfY8IcXE79xh1LxKLzWoxi9gPZD3uOMaiNVbzv5gmMXS0fueYn8Jq7tTFGAOSqd/Fu7G7EkwFAzQZVquU6svZRKzZnAca6dKIwpG9I+tgwNaYDKS6eHjsmBUbqkF0lToSZT9etESgOlRoFvOgOqB+qnNxH/8lqJ7p15KQ/jRGPIZot6iSA6IpOvSZdLZFqMDKFMcnMrYQMqKdMmm5wJ4fNT8j+pF233xC5Vjwvlq3kcWdiDfTgEF06hDJdQgRowQLiHR3iybqwH69l6mbVmrPnMLnyD9foBTW2NUQ==</latexit>q



-Huber contamination,             

ROBUSTNESS

<latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y

<latexit sha1_base64="+qhih8NvcWMwSVCTnLgV8YwVl7g=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTPV+tgV3Oiugn3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8x01bweSBwOOdecu6JEs608bx3Z2FxaXlltbBWXN/Y3Nou7ew2tUwVoQ0iuVTtCGvKmaANwwyn7URRHEectqLRZe637qjSTIpbM05oGOOBYH1GsLFS0ImxGRLMs/akWyp7bqV67F9U0W/iu94UZZij3i29dXqSpDEVhnCsdeB7iQkzrAwjnE6KnVTTBJMRHtDAUoFjqsNsGnmCDq3SQ32p7BMGTdWvGxmOtR7HkZ3MI+qfXi7+5QWp6Z+HGRNJaqggs4/6KUdGovx+1GOKEsPHlmCimM2KyBArTIxtqWhL+LwU/U+aFdc/das3J+Xa9byOAuzDARyBD2dQgyuoQwMISLiHR3hyjPPgPDsvs9EFZ76zB9/gvH4ABRGRyg==</latexit>

X

<latexit sha1_base64="qScvgFalVVR1wJNF0AkXXOGcmiw="></latexit>

(1� ") <latexit sha1_base64="Vaeipf73OOKJmbJCYKOnGj70W3o="></latexit>"<latexit sha1_base64="t9fil7gStTQxyDpWklz34UK4fXU="></latexit>

+

<latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y

<latexit sha1_base64="+qhih8NvcWMwSVCTnLgV8YwVl7g=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTPV+tgV3Oiugn3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8x01bweSBwOOdecu6JEs608bx3Z2FxaXlltbBWXN/Y3Nou7ew2tUwVoQ0iuVTtCGvKmaANwwyn7URRHEectqLRZe637qjSTIpbM05oGOOBYH1GsLFS0ImxGRLMs/akWyp7bqV67F9U0W/iu94UZZij3i29dXqSpDEVhnCsdeB7iQkzrAwjnE6KnVTTBJMRHtDAUoFjqsNsGnmCDq3SQ32p7BMGTdWvGxmOtR7HkZ3MI+qfXi7+5QWp6Z+HGRNJaqggs4/6KUdGovx+1GOKEsPHlmCimM2KyBArTIxtqWhL+LwU/U+aFdc/das3J+Xa9byOAuzDARyBD2dQgyuoQwMISLiHR3hyjPPgPDsvs9EFZ76zB9/gvH4ABRGRyg==</latexit>

X

<latexit sha1_base64="etX47V9Tfcy6FsOCZJ+dcndV1Q4="></latexit>⇥ <latexit sha1_base64="etX47V9Tfcy6FsOCZJ+dcndV1Q4="></latexit>⇥

<latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y

<latexit sha1_base64="+qhih8NvcWMwSVCTnLgV8YwVl7g=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTPV+tgV3Oiugn3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8x01bweSBwOOdecu6JEs608bx3Z2FxaXlltbBWXN/Y3Nou7ew2tUwVoQ0iuVTtCGvKmaANwwyn7URRHEectqLRZe637qjSTIpbM05oGOOBYH1GsLFS0ImxGRLMs/akWyp7bqV67F9U0W/iu94UZZij3i29dXqSpDEVhnCsdeB7iQkzrAwjnE6KnVTTBJMRHtDAUoFjqsNsGnmCDq3SQ32p7BMGTdWvGxmOtR7HkZ3MI+qfXi7+5QWp6Z+HGRNJaqggs4/6KUdGovx+1GOKEsPHlmCimM2KyBArTIxtqWhL+LwU/U+aFdc/das3J+Xa9byOAuzDARyBD2dQgyuoQwMISLiHR3hyjPPgPDsvs9EFZ76zB9/gvH4ABRGRyg==</latexit>

X

<latexit sha1_base64="ePFG7NQPt8q9w1Rt+5i4gYWwHOU="></latexit>=

<latexit sha1_base64="MMSGTxkhy5fGNubJF6CMyTVUlwM="></latexit>q<latexit sha1_base64="EFZ1ZdUIe4AJOSp+5CIIb6qkrCg="></latexit>p✓0
<latexit sha1_base64="iuKpOYO+9Ra8r8WCTIm3XfdnzX8="></latexit>r

If              for some ,                                 e.f. 
<latexit sha1_base64="ZoVAb2IHpC4urbvTO7vpRWXTUWU="></latexit>

✓0

almost almost
<latexit sha1_base64="6mn8LxrkG0x6o+r4hb17pLU4YDQ="></latexit>q = p✓0

<latexit sha1_base64="ZoVAb2IHpC4urbvTO7vpRWXTUWU="></latexit>

✓0
<latexit sha1_base64="pz7FrIe+66+X45PSlNWl1sonONw="></latexit>

D⌫(µ✓̂n,l
, µ✓0)

P�! 0

<latexit sha1_base64="qXTiDno1L1SnfBzzmw2Yflp8qPs="></latexit>

" 2 [0, 1]<latexit sha1_base64="5qTvaxT1GfOYPScbYMOvw4hXsAE="></latexit>" :
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ROBUSTNESS

<latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y

<latexit sha1_base64="+qhih8NvcWMwSVCTnLgV8YwVl7g=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTPV+tgV3Oiugn3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8x01bweSBwOOdecu6JEs608bx3Z2FxaXlltbBWXN/Y3Nou7ew2tUwVoQ0iuVTtCGvKmaANwwyn7URRHEectqLRZe637qjSTIpbM05oGOOBYH1GsLFS0ImxGRLMs/akWyp7bqV67F9U0W/iu94UZZij3i29dXqSpDEVhnCsdeB7iQkzrAwjnE6KnVTTBJMRHtDAUoFjqsNsGnmCDq3SQ32p7BMGTdWvGxmOtR7HkZ3MI+qfXi7+5QWp6Z+HGRNJaqggs4/6KUdGovx+1GOKEsPHlmCimM2KyBArTIxtqWhL+LwU/U+aFdc/das3J+Xa9byOAuzDARyBD2dQgyuoQwMISLiHR3hyjPPgPDsvs9EFZ76zB9/gvH4ABRGRyg==</latexit>

X

<latexit sha1_base64="qScvgFalVVR1wJNF0AkXXOGcmiw="></latexit>

(1� ") <latexit sha1_base64="Vaeipf73OOKJmbJCYKOnGj70W3o="></latexit>"<latexit sha1_base64="t9fil7gStTQxyDpWklz34UK4fXU="></latexit>

+

<latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y

<latexit sha1_base64="+qhih8NvcWMwSVCTnLgV8YwVl7g=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTPV+tgV3Oiugn3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8x01bweSBwOOdecu6JEs608bx3Z2FxaXlltbBWXN/Y3Nou7ew2tUwVoQ0iuVTtCGvKmaANwwyn7URRHEectqLRZe637qjSTIpbM05oGOOBYH1GsLFS0ImxGRLMs/akWyp7bqV67F9U0W/iu94UZZij3i29dXqSpDEVhnCsdeB7iQkzrAwjnE6KnVTTBJMRHtDAUoFjqsNsGnmCDq3SQ32p7BMGTdWvGxmOtR7HkZ3MI+qfXi7+5QWp6Z+HGRNJaqggs4/6KUdGovx+1GOKEsPHlmCimM2KyBArTIxtqWhL+LwU/U+aFdc/das3J+Xa9byOAuzDARyBD2dQgyuoQwMISLiHR3hyjPPgPDsvs9EFZ76zB9/gvH4ABRGRyg==</latexit>

X

<latexit sha1_base64="etX47V9Tfcy6FsOCZJ+dcndV1Q4="></latexit>⇥ <latexit sha1_base64="etX47V9Tfcy6FsOCZJ+dcndV1Q4="></latexit>⇥

<latexit sha1_base64="qXkA6GXmbrsbTuociyAXf95pn6Y=">AAAB8nicdVDLSgMxFM34rPVVHzs3wSK4GmYqrYqbghvdSAX7kOlQMmmmDc0kY5IRytDPcONCEbf+igvd+TdmWgWfBy4czrmXe+4NYkaVdpw3a2p6ZnZuPreQX1xaXlktrK03lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPBceY3r4lUVPALPYyJH6EepyHFSBvJa0dI9zFi6eWoUyg6dqm85x6W4W/i2s4Yxerm1cvZ0XOl1im8trsCJxHhGjOklOc6sfZTJDXFjIzy7USRGOEB6hHPUI4iovx0HHkEd4zShaGQpriGY/XrRIoipYZRYDqziOqnl4l/eV6iwwM/pTxONOF4sihMGNQCZvfDLpUEazY0BGFJTVaI+0girM2X8uYJn5fC/0mjZLsVu3zuFqunYIIc2ALbYBe4YB9UwQmogTrAQIAbcAfuLW3dWg/W46R1yvqY2QDfYD29AzwKlOo=</latexit>

Y

<latexit sha1_base64="+qhih8NvcWMwSVCTnLgV8YwVl7g=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTPV+tgV3Oiugn3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8x01bweSBwOOdecu6JEs608bx3Z2FxaXlltbBWXN/Y3Nou7ew2tUwVoQ0iuVTtCGvKmaANwwyn7URRHEectqLRZe637qjSTIpbM05oGOOBYH1GsLFS0ImxGRLMs/akWyp7bqV67F9U0W/iu94UZZij3i29dXqSpDEVhnCsdeB7iQkzrAwjnE6KnVTTBJMRHtDAUoFjqsNsGnmCDq3SQ32p7BMGTdWvGxmOtR7HkZ3MI+qfXi7+5QWp6Z+HGRNJaqggs4/6KUdGovx+1GOKEsPHlmCimM2KyBArTIxtqWhL+LwU/U+aFdc/das3J+Xa9byOAuzDARyBD2dQgyuoQwMISLiHR3hyjPPgPDsvs9EFZ76zB9/gvH4ABRGRyg==</latexit>

X

<latexit sha1_base64="ePFG7NQPt8q9w1Rt+5i4gYWwHOU="></latexit>=

<latexit sha1_base64="MMSGTxkhy5fGNubJF6CMyTVUlwM="></latexit>q<latexit sha1_base64="EFZ1ZdUIe4AJOSp+5CIIb6qkrCg="></latexit>p✓0
<latexit sha1_base64="iuKpOYO+9Ra8r8WCTIm3XfdnzX8="></latexit>r

If                               for some ,                                     e.f. 
<latexit sha1_base64="ZoVAb2IHpC4urbvTO7vpRWXTUWU="></latexit>

✓0
<latexit sha1_base64="ZoVAb2IHpC4urbvTO7vpRWXTUWU="></latexit>

✓0
<latexit sha1_base64="Py9clftmA+USnSQ3V7x+D2adsTg="></latexit>

q = (1� ")p✓0+"r
<latexit sha1_base64="2R2xcRklhLXsQXvSU8vDVhragng="></latexit>

D⌫(µ✓̂n,l
, µ✓0)

P�! C0"

-Huber contamination,             
<latexit sha1_base64="qXTiDno1L1SnfBzzmw2Yflp8qPs="></latexit>

" 2 [0, 1]<latexit sha1_base64="5qTvaxT1GfOYPScbYMOvw4hXsAE="></latexit>" :
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NUMERICAL EXPERIMENTS: 
ROBUST EMPIRICAL BAYES FOR 

GAUSSIAN PROCESSES
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SETTING

      is a marginal of a Gaussian process                  

           

<latexit sha1_base64="CMRlDr+9jB352P52mqEENmE8B3k="></latexit>p✓
<latexit sha1_base64="GRXrlUn3HKpT7v9OoMUB/fSOyes="></latexit>

GP(0, c✓)
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<latexit sha1_base64="h2hivNkdthey3ytUCRZQO/h8qnA=">AAACB3icdVBJSwMxFM641rqNehQkWMQKUmaqdTkIBS96q2AXaIeSSTNtaGYheSMtQ29e/CtePCji1b/gzX9jugiuDwLf8h4v73MjwRVY1rsxNT0zOzefWkgvLi2vrJpr6xUVxpKyMg1FKGsuUUzwgJWBg2C1SDLiu4JV3e750K/eMKl4GFxDP2KOT9oB9zgloKWmuUWbDegwINnefm9372xMMNUUa940M1YuXziwTwv4N7Bz1qgyaFKlpvnWaIU09lkAVBCl6rYVgZMQCZwKNkg3YsUiQrukzeoaBsRnyklGdwzwjlZa2AulfgHgkfp1IiG+Un3f1Z0+gY766Q3Fv7x6DN6Jk/AgioEFdLzIiwWGEA9DwS0uGQXR14BQyfVfMe0QSSjo6NI6hM9L8f+gks/ZR7nC1WGmeDmJI4U20TbKIhsdoyK6QCVURhTdonv0iJ6MO+PBeDZexq1TxmRmA30r4/UDkUuX4Q==</latexit>

c✓(x, x
0) = ✓c(x, x0)



GP REGRESSION 
WITH STUDENT-T MEASUREMENT ERROR
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 Controlled environment: true function is a 
sample from a GP.

 95% of data have Gaussian noise

 5% of data have student-t noise

 Modeller assumes the noise is Gaussian.



GP REGRESSION 
WITH STUDENT-T MEASUREMENT ERROR
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 95% of data have noise
 5% of data have noise
 ML and LOO-CV are not robust to outliers; eMCMD is! 

<latexit sha1_base64="rNefMyn6QMHXOLWnSxaEgHepddo=">AAACFHicdVDLSgMxFM3Ud31VXboJFkFRyky1PnaCLlyJgrVCZxzupGkbmmSGJCOUoR/hxl9x40IRty7c+TemtYLPAwmHc+7l3nuihDNtXPfNyY2Mjo1PTE7lp2dm5+YLC4sXOk4VoVUS81hdRqApZ5JWDTOcXiaKgog4rUWdw75fu6ZKs1iem25CAwEtyZqMgLFSWNjwNRPYfi0BoX8Niiaa8VhelbEvwLQJ8Oykt+ZuYm89LBTdUrmy5e1X8G/ildwBimiI07Dw6jdikgoqDeGgdd1zExNkoAwjnPbyfqppAqQDLVq3VIKgOsgGR/XwqlUauBkr+6TBA/VrRwZC666IbGV/Uf3T64t/efXUNPeCjMkkNVSSj0HNlGMT435CuMEUJYZ3LQGimN0VkzYoIMbmmLchfF6K/ycX5ZK3U6qcbRcPjoZxTKJltILWkId20QE6Rqeoigi6QXfoAT06t8698+Q8f5TmnGHPEvoG5+Udz72eCg==</latexit>

⇠ �2
"N (0, 1)

<latexit sha1_base64="qO5W9rvWgreQ0WxPF0EFWNs3ZEg="></latexit>

⇠ �2
"Student-t(3)



CALIBRATION DIAGRAMS FOR WIND-FARM MODELLING
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 Input: location of wind farms and wind angle.  Output: energy produced. Noise is assumed Gaussian, 
but isn’t likely to be—so the model is misspecified. 
 ML is underconfident; eMCMD is better calibrated.



MISSPECIFIED BAYESIAN OPTIMISATION
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Task: locate the maximum of a function.



MISSPECIFIED BAYESIAN OPTIMISATION
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even an outlier that does not affect the 
maximum can hinder optimisation…



MISSPECIFIED BAYESIAN OPTIMISATION
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eMCMD, unlike ML, is robust to outliers,
so this doesn’t happen!

even an outlier that does not affect the 
maximum can hinder optimisation…



MISSPECIFIED BAYESIAN OPTIMISATION
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 Hartmann 6D function.

 Outliers don’t change the maximum.

 Still, eMCMD reaches the 
maximum faster than ML…

 …even when no outliers are 
added, since there is still 
misspecification.



CONCLUSION AND FINAL REMARKS

 Introduced eMCMD, 

 Proved optimality of the approximation

 Optimality results hold even if we need to estimate both      and     

 What’s next? Robust (generalised) Bayesian inference!

<latexit sha1_base64="Km2zeYo0kY2nDwie/iPBXSFzpe8="></latexit>

D⌫(µp, µq) = EX⇠⌫kµp(X)� µq(X)kHY

<latexit sha1_base64="6UEtEY3JV9goJeoTnO6OeR100FM="></latexit>

✓̂n,l 2 argmin
✓2⇥

D⌫l(µ✓, µ̂
n
q )

<latexit sha1_base64="x1sNaKpMHObBirCCOXBIjzw+z4s=">AAAB8XicdVDJSgNBEO2JW4xb1KOXxiB4GmaicbkFvOgtglkwM4SeTidp0t0zdNcIYchfePGgiFf/xpt/Y2cRXB8UPN6roqpelAhuwPPendzC4tLySn61sLa+sblV3N5pmDjVlNVpLGLdiohhgitWBw6CtRLNiIwEa0bDi4nfvGPa8FjdwChhoSR9xXucErDSbSDTTgADBqRTLHluuXLkn1fwb+K73hQlNEetU3wLujFNJVNABTGm7XsJhBnRwKlg40KQGpYQOiR91rZUEclMmE0vHuMDq3RxL9a2FOCp+nUiI9KYkYxspyQwMD+9ifiX106hdxZmXCUpMEVni3qpwBDjyfu4yzWjIEaWEKq5vRXTAdGEgg2pYEP4/BT/Txpl1z9xK9fHperVPI482kP76BD56BRV0SWqoTqiSKF79IieHOM8OM/Oy6w158xndtE3OK8fJ72RSQ==</latexit>µ✓
<latexit sha1_base64="Z75CVGr13HVE3qBjmsNxK2Walqk=">AAAB7HicdVDJSgNBEK2JW4xb1KOXxiB4GmaicbkFvOgtglkgGUJPpydp0t0zdvcIYcg3ePGgiFc/yJt/Y2cRXB8UPN6roqpemHCmjee9O7mFxaXllfxqYW19Y3OruL3T0HGqCK2TmMeqFWJNOZO0bpjhtJUoikXIaTMcXkz85h1VmsXyxowSGgjclyxiBBsr1Tsi7d52iyXPLVeO/PMK+k1815uiBHPUusW3Ti8mqaDSEI61bvteYoIMK8MIp+NCJ9U0wWSI+7RtqcSC6iCbHjtGB1bpoShWtqRBU/XrRIaF1iMR2k6BzUD/9CbiX147NdFZkDGZpIZKMlsUpRyZGE0+Rz2mKDF8ZAkmitlbERlghYmx+RRsCJ+fov9Jo+z6J27l+rhUvZrHkYc92IdD8OEUqnAJNagDAQb38AhPjnQenGfnZdaac+Yzu/ANzusHVyqPFg==</latexit>µq
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THANK YOU!

QUESTIONS?


