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A BRIEF ASIDE ON DIGITAL TWINS

3 / University of Sheffield — Dynamics Research Group tim.rogers@sheffield.ac.uk



A BRIEF ASIDE ON DIGITAL TWINS

3 / University of Sheffield — Dynamics Research Group tim.rogers@sheffield.ac.uk



FITTING GPS TO DYNAMIC SYSTEMS
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A QUICK REVIEW OF YEAR 1 MECHANICS AND. . .
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mẍ + cẋ + kx = F

Which all works great if we can know the physics first. . .
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GAUSSIAN PROCESSES AND LATENT FORCES

Gaussian Processes:

Flexible nonlinear Bayesian regression.

y = f (x) + ε ε ∼ N (0, σ2
n)

f (x) ∼ GP(m(x), k(x , x ′))

GP Latent Force Problem:

The GP-LFM (Alvarez 2009) solves prob-
lems in the form:

mẍ + cẋ + kx = U U ∼ GP
(
0, k(t, t ′)

)
The GP can be rewritten as an LGSSM
(Hartikainen 2010) and similarly for the
GP-LFM (Hartikainen 2012).

6 / University of Sheffield — Dynamics Research Group tim.rogers@sheffield.ac.uk



GAUSSIAN PROCESSES AND LATENT FORCES

Gaussian Processes:

Flexible nonlinear Bayesian regression.

y = f (x) + ε ε ∼ N (0, σ2
n)

f (x) ∼ GP(m(x), k(x , x ′))

GP Latent Force Problem:

The GP-LFM (Alvarez 2009) solves prob-
lems in the form:
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THE FUNDAMENTAL TRICK

Turn a Gaussian process (O(N3)) into a linear SSM (O(N))

k (t, t′) Sk (ω) H(iω) F f(t) + L w(t)

Temporal
Covariance
Function

Covariance
Spectral
Density

Rational
Transfer
Function

Continuous
Time
SSM

Hartikainen, Jouni, and Simo Särkkä. ”Kalman filtering and smoothing solutions to temporal

Gaussian process regression models.” 2010 IEEE International Workshop on Machine Learning

for Signal Processing. IEEE.
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THREE USES AND EXTENSIONS

Three applications:

1. Recovering Unknown Forces

2. Extracting nonlinear components of
SDOF ODEs

3. Some promising extensions for more
interesting scenarios
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Problem 1: Unknown Loads



LATENT FORCES ARE NATURAL SOLUTIONS

M ẍ + C ẋ + Kx = U
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ḟ

f̈

 =


0 1 0 0

−M−1K −M−1C M−1 0
0 0 0 1
0 0 −λ2 −2λ



x
ẋ
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ẍ

]
=

(
0 1

−M−1K −M−1C

)[
x
ẋ
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MDOF EXAMPLE
NMSE=1.05%
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MDOF EXAMPLE
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Problem 2: Learning Nonlinear SDOF ODEs



NONLINEAR RESTORING FORCES

Let’s consider a nonlinear system:

mẍ + cẋ + kx + f (x , ẋ) = U

Masri and Caughey introduced the Restor-
ing Force Surface method (1979),

mẍ + cẋ + kx = U − f (x , ẋ)

Unfortunately, if the displacement and ve-
locity isn’t known this can be hard.
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Unfortunately, if the displacement and ve-
locity isn’t known this can be hard.

12 / University of Sheffield — Dynamics Research Group tim.rogers@sheffield.ac.uk



POSING RESTORING FORCES AS A LATENT FORCE MODEL

GP Latent Force Problem:

The GP-LFM (Alvarez 2009) solves prob-
lems in the form:

mẍ + cẋ + kx = U U ∼ GP
(
0, k(t, t ′)

)
The GP can be rewritten as an LGSSM
(Hartikainen 2010) and similarly for the
GP-LFM (Hartikainen 2012).

Latent Restoring Forces:

Model the restoring forcing of the nonlin-
ear system:

mẍ + cẋ + kx + f (x , ẋ) = U

As a GP in time,

mẍ+cẋ+kx+R = U R ∼ GP
(
0, k(t, t ′)

)
Solve as a linear state-space model.

We will use the Duffing oscillator as a test case:

mẍ + cẋ + kx + k3x
3 = U
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DOES IT WORK?
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DOES IT WORK?
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Problem 3: Promising Extensions



UNABLE TO ACCESS INPUTS

mẍ + cẋ + kx + f (x , ẋ) = U

Assume,

f (x , ẋ) ≈ R(t) ∼ GP
(
0, kf (t, t ′)

)
, U ∼ GP

(
0, ku(t, t ′)

)
Then,

R̂(t) = U − R(t) = GP
(

0, k̂(t, t ′)
)

Take expectations to separate R(t) and U.
ẋ
ẍ
˙̂r
¨̂r

 =

[
Fsys Bsys

0 FR̂

]
ẋ
ẍ
˙̂r
¨̂r

+ Lν(t)
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Assume,
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ẋ
ẍ
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STATE ESIMTATION FOR OUTPUT-ONLY NONLINEAR SYSTEM
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ACCESSING THE NONLINEARITY
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EXTENSIONS TO MORE DEGREES OF FREEDOM
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IMPOSE PHYSICALLY MEANINGFUL STRUCTURE

We have the potential for model discrepancy between each degree of freedom.
ẋ
ẍ
ṙ
r̈

 =

[
Fsys Bsys

0 FR

]
ẋ
ẍ
ṙ
r̈

+ Lν(t)

Use Newton’s third law to impose structure in Bsys .

Bsys,xr =


−1 1 0 0 0
0 −1 1 0 0
0 0 −1 1 0
0 0 0 −1 1
0 0 0 0 −1
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ẋ
ẍ
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DETECTION AND LOCALISATION
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WHAT SHOULD BE A CONCLUSION

A word of warning. . .

24 / University of Sheffield — Dynamics Research Group tim.rogers@sheffield.ac.uk



SOME REFERENCES

1. Rogers, T. J., Worden, K., & Cross, E. (2020). On the application of Gaussian
process latent force models for joint input-state-parameter estimation: With a
view to Bayesian operational identification. Mechanical Systems and Signal
Processing, 140. doi:10.1016/j.ymssp.2019.106580

2. Rogers, T. J., & Friis, T. (2022). A latent restoring force approach to nonlinear
system identification. Mechanical Systems and Signal Processing, 180. doi:
10.1016/j.ymssp.2022.109426

3. Longbottom, J.D., Cross, E.J. & Rogers, T.J. (2022) Output-only Bayesian
semi-parametric identification of a nonlinear dynamic system. In Proceedings 9th
International Operational Modal Analysis Conference (pp. 186-194).

25 / University of Sheffield — Dynamics Research Group tim.rogers@sheffield.ac.uk



Identifying Dynamic Systems for Digital Twins of Engineering Assets

T. J. Rogers

September, 2023



NONLINEAR SSMS

mẍ + cẋ + kx + k3x
3 = u

xt ∼ fθ (xt | xt−1, ut−1)

yt ∼ gθ (yt | xt , ut)
x t−1 x t x t+1

y t−1 y t y t+1

ut−1 ut ut+1
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PARTICLE FILTERING

Estimating sequences of probability distributions:
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PARTICLE FILTERING

Particle Propagation and Weighting:
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PARTICLE FILTERING

Resampling:
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PARTICLE SMOOTHING

A slight complication. . . this gives the filtering distribution but really want the
smoothing distribution p (x1:T | y1:T ).

We will use an MCMC scheme to sample from this using the particle filter.

In particular we use a Particle Gibbs with Ancestor Sampling approach (Lindsten 2014)
to sample from p (x1:T | y1:T ).

Details:
Rogers, Timothy J., Worden, Keith and Cross Elizabeth J.. ”Bayesian
Joint Input-State Estimation for Nonlinear Systems.” Vibration 3.3

(2020): 281-303.
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A DUFFING EXAMPLE
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