— B D "

Variational Inference and Natural
Gradients for GPs

Juan José Giraldo Gutierrez

Gaussian Processes Summer School
Sept. 9, 2025

Imperial College




Gradient Descent

Gradient Descent on Rippled Bowl Function

] u
min g(u)

Ug41 = U — Oévug(llk)

(X is a step-size or learning rate



Natural Gradient

Parameter-space Paths on ELBO Contours
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Exponential Family:
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Exponential Family:
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¢(u]@) = h(u) exp(0 ' t(u) — A(H)) 008 1Tl

log ¢(u|@) = log h(u) + 0 "t(u) — A(6)

Fisher Information

F =V A(0)

Sufficient statistics
ti(u) =u

to(u) = uu'




Deriving the FIM using the Exponential Family: Goal

F = V;A(0)

log g(u|@) = logh(u) + 0 't(u) — A(0)

Computing Derivative:

Vglogq(u|f) = t(u) — Vo A(6)



Deriving the FIM using the Exponential Family:

log g(u|@) = logh(u) + 0 't(u) — A(0)

Computing Derivative:

Vglogq(u|f) = t(u) — Vo A(6)

Cool Property:

Equie)[Ve log g(u]0)] = Eyuje)[t(u)] — Ve A(0)

Vo A(0) = Eyuje)[t(u)]

Vo A(0) =n

Goal

F = V;A(0)

Mean Parameters
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Deriving the FIM using the Exponential Family:

log g(u|@) = logh(u) + 0 't(u) — A(0)

Computing Derivative:

Vglogg(u|@) = t(u) — Vo A(0) Goal
F = V3A(0)

Computing Second Derivative:




Deriving the FIM using the Exponential Family:

log g(u|@) = logh(u) + 0 't(u) — A(0)

Computing Derivative:

Vglogq(u|f) = t(u) — Vo A(6)

Computing Second Derivative:

Vg logq(ul@) = -V A(0)

—Equje)[ Vg log ¢(u]@)] = V5 A(0)

Amari, S. (1998).

F = —Eyuje)[Vslogq(ul@)]| « =777
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Now what? Do we have to compute the inverse of the FIM?




Elegant Gradient update using the “Inverse of the FIM”

Cool Property: VOA(Q) =7
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Elegant Gradient update using the “Inverse of the FIM”

Cool Property: VBA(O) =n
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Salimbeni, H. et al (2018)




Computing the updates for: ¢(ujm,S) = N(ujm,S)

Natural Parameters

Relations and Grads
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Natural Gradient Updates
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Variational Optimization

— g
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Upper bound: g* = min (U—) < IE‘:q(u|t9) [g(u)]
uceRM

Staines, J. and Barber, D. (2013)



Variational Optimization

g* = min g(u) < Eyuje)lg(n)]

ucRM

Function g(u)

~

L = Eyujog(u)]

q(ul@) = q(ulp, o°)




Variational Optimization

Using penalization to avoid the (co) variance to collapse (i.e., ):

L

= Eqy(ue)[9(u)] + KL|g(u|0)]||p(u)]
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Variational Optimization

=
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Summary of Key Points:

Variational Optimization:

| (£ = Equo)l9(w)] + KL[g(u]6)|[p(u)))
A

Exponential Family:

[a(u]8) = h(w) exp(8 " t(w) — A(9))
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Bayes’ Theorem applied to a Gaussian Process Model ;
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Posterior Likelihood Prior

p(y|f, X) = N(f,021)

Rasmussen C. E. and Williams C.K.l. (2006)

Gaussian Process (GP)
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Bayes’ Theorem applied to a Gaussian Process Model I\‘¥/

Likelihood:
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|The Bayes’ Theorem applied to a Gaussian Process Model
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| The Bayes’ Theorem applied to a Gaussian Process Model fa(-) ~ GP(0, ka(-, "))
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| Variational Inference I

q*(u) = arg q(rlil)lélg KL[Q(U)||p(u|Y)] 'p(ub'-)

L7 KL{g(w)[p(uly)]
I

divergence

Blei, D. M., Kucukelbir, A., and MQAuliffe, J.D. (2017)




Variational Inference

KL[g(u)[|p(uly)] = Eq[log g(u)] — E,[log p(uly)]

Given that,

= E,[log ¢(u)] — E,[log p(y, u)] + E,[log p(y)]

= E,[log ¢(u)] — E,[log p(y,u)] + log p(y)

KL[g(u)|[p(uly)] > 0

Thus,

E,[log g(u)] — Ey[log p(y,u)] +logp(y) > 0

—




Variational Inference

Bound to the Log marginal likelihood

J KL{q(w)|[p(uly)]

log p(y) > Eq[log p(y|u)p(u)] — E,[log g(u)]

> E,[log p(y|u)]—E,[log g(u)] + E,[log p(u)]

> Eq[log p(y|u)] —KL{g(uw)[|p(u)]

Also known as the Evidence Lower Bound (ELBO)

£ = Eyupe[log p(y|u)] — KL[q(u|6)]|p(u)] or L =TFEyup llog p(ylu)p<u)]



Key concept to take home:

VO

ol WA Vlis a VO (with penalization) where the objective function is the
’ l Negative Log Likelihood

L = Eymje)log p(y|u)] — KL[g(u[0)|[p(u)]

—L = Equjo)|— logg(Y\u)] + KL[g(u[0)]|p(u)]

g(u)




Computing our Variational Posterior: ¢(u/m,S) = A(ujm, S)

Natural Parameters Relations and Grads
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Natural Gradient Updates
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Variational Inference for a GP model

L = Eqquje)log p(y[u)] — KL|g(u|0)[|p(u)]

L= Eyu,[log p(yn|tn)] — KL[g(u)||p(u)]

=1
" Approximate 1d-Gaussian

Expectation*

£= 5 3" By [logplufu)] — KL[g(w)]p(w)]

=1

-~
O(N3)
Mini-batching to get
stochastic gradients

* Use Gauss-Hermite Quadrature or MCMC; Solve 2d-Gaussian Expectation when using two Chained GPs.



Natural Gradients in Practice: Non-Conjugate Variational Inference in Gaussian Process Models

Gaussian (ENERGY, N = 768, D = 8) Student-t (BosTON, N = 506, D = 14) Bernoulli (pIMA, N = 768, D = 8)
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Figure 3: Stochastic optimization of the lower bound for fixed hyperparameters. The batch size is 256 and 5000 iterations
are shown for five splits.

Figure taken from Salimbeni, H. et al (2018)



Sparse Variational GPs

| Kyy Ky

f() ~ gP(()? k('? /))

p(f,u) = N(H
Joint distribution u

p(y|f, w)p(flu)p(u)

ELBO X1 EEETTT] N
Xo HEETTTT] L

: f=fX) -
£—E,| log p(y|f )p(; u)p(u) :

Approx. Posterior Z s EEECTTT]

p(f,uly) = q(f,u)

Z are unknown
”inducing points”

Titsias, M. K. (2009); Hensman, J. et al (2015a)
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Sparse Variational GPs

Approx. Posterior Apply Stochastic Variational Inference (SVI)

q(f,u) = p(flu)g(u)
L = Ep(juyq(w) | log p(y|f)] — KL{g(u)||p(u)]
A\ ELBO
\’\’ N
£ = By [bg p(y%%];(u)] L= By [logpynlfu)] — KL[g(w)|p(w)]
b ! n=1 .,4 Approximate 1d-Gaussian
_________ -7 Expectation*
< olizati - N B
ey marginalization e
Ll £=—2 D By [logp(yilfi)] — KL[g(w)||p(w)]
o) = [ p(Ewawdu | - = o0

* Use Gauss-Hermite Quadrature or MCMC; Solve 2d-Gaussian Expectation when using two Chained GPs.

Hensman J. et al (2013)



Gaussian Beta Ordinal
0 e
1.6 b
E 1.4
S 2 —1
E 1.2
H 10
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S 0.8
| 0.6 _3
0 2,000 4,000 0 2,000 4,000 0 2,000 4,000
iterations iterations iterations
—— NGD + Adam with yAd2m = 10—2 ——— Adam with v = 10~2 ——— Adam with v =5 x 103

Figure 5: Optimization of the NAVAL dataset (N = 11K, D = 16), with three different likelihoods. The ill-conditioning
of the variational distributions renders the optimization using ordinary gradients extremely difficult, even given a large
number of iterations and different values for the Adam learning rate. The batch size is 256 and 5000 iterations are shown
for a single split.

Figure taken from Salimbeni, H. et al (2018)
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Key Points to takeaway:

Variational Inference:

Allows to approximate an intractable posterior via an optimization process

Easier to scale to large data scenarios providing faster convergence than sampling methods like MCMC

The quality of the approximate posterior depends on the choice of the variational family

Tends to underestimate variances of the true posterior leading to "overconfident” posteriors

Natural Gradients:

- Better convergence rates than using ordinary gradient methods

- In Likelihood-based probabilistic objectives like SVI and Gaussian processes, the Fisher matrix matches
the shape of the model’s distribution space (not just parameter space)

- Thus, NGs are more robust to ill-conditioning settings than common gradient approaches

- Tolerate bigger step siz}es than standard gradient updates »
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