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OUTLINE

e My way into GP research

mmd | NE CUrse Of dimensionality

w  GP regression (GPR)

Two strategies for accelerating GPs

mmm CUTS-GPR
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MY BACKGROUND

=  Chemistry at Aarhus University (2017-2021)
= PhD (2021-2026)

= Postdoc (2026-present)
* Quantum chemistry

dt r Prof Ove Christiansen

1

Wave function Hamiltonian




NEW IDEAS

...... grid GPs ... ...
Kronecker products ... ...
very cool stuff ... ...

sy

Me on paternity leave (2025)

My PhD colleagque
August
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New method: CUTS-GPR

Joint work with August
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THE CURSE OF DIMENSIONALITY
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HIGH-DIM PROBLEMS ARE IMPORTANT

Example
Potential energy surface (PES)

f(Tla ra, 9)

\5/
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HIGH-DIM PROBLEMS ARE IMPORTANT

Electronic energy

/v

f(xla ZEZ)

xlr x2
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Bond lengths or angles
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Chemistry is governed by potential
energy surfaces (PESs)

Two challenges:
= Each point is expensive
= You need many points

D —_ 3Natom - 6
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HIGH-DIM PROBLEMS ARE DIFFICULT

Caffeine
24 atoms
66 dimensions

Chlorophyill
137 atoms
405 dimensions

10



HIGH-DIM PROBLEMS ARE DIFFICULT

f:00,10/P = R — V =107

The volume to be explored/sampled grows exponentially!
The curse of dimensionality.
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SIMPLIFYING ASSUMPTIONS

f(z1,...,x2p) (not always tractable)
Class 1 Class 2 (my talk today)
Few dimensions are important All dimensions are important
The intrinsic dimensionality is small The interaction order is small
Low-dimensional model Low-order model
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INTERACTION ORDER DECOMPOSITION

1< 1<j<k
\ﬂ_l \ ) \ )
Y Y
Main effects terms Second-order Third-order
interaction terms interaction terms

Statistics
Analysis of variance (ANOVA)
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LOW-ORDER MODELS

Example f(X) ~ fO + Z f[@](

Second-order model (a = 2)

How to learn such a model using GPs?

MADS GREISEN H@JLUND
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LOW-ORDER MODELS

F) =~ fo+ Y fil(z) +) iz, 2;)
i 1<

How to make a good model?

How to make an inexpensive model?
Choice of kernel Memory usage
Data sampling

Computation time
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GAUSSIAN PROCESS REGRESSION (GPR)
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PRIOR BELIEFS: 0 OBSERVATIONS

i
= == Target function
4 - = Prior mean
Twio sigma
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UPDATED BELIEFS: 1 OBSERVATION

£

= = Target function
® Obsarvations
= Predictive mean

1 2 3
Displacement from equilibrium
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UPDATED BELIEFS: 2 OBSERVATIONS

£

= = Target function
® Obsarvations
= Predictive mean

1 2 3
Displacement from equilibrium
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UPDATED BELIEFS: 3 OBSERVATIONS

£

= = Target function
®  Observations

= Predictive mean

\ T sigma
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UPDATED BELIEFS: 4 OBSERVATIONS

£

= = Target function
®  Observations

= Predictive mean

\ T sigma
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UPDATED BELIEFS: 5 OBSERVATIONS

£

= = Target function
® Obsarvations
= Predictive mean

1 2 3
Displacement from equilibrium
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UPDATED BELIEFS: 6 OBSERVATIONS

£

= = Target function
®  Observations

= Predictive mean

\ T sigma

Displacement from equilibrium
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UPDATED BELIEFS: 9 OBSERVATIONS

= = Target function
®  Observations

= Predictive mean

\ T sigma

Displacement from equilibrium



DATA AND KERNEL

The inputs:

X = {x, } = {D-dimensional training inputs}

X, = {x;} = {D-dimensional test

The kernel matrices:

k(X ,X)=K (N xN)
k(X ,X)=K. (N xN,)
k(Xe, X)) = Kix  (Ny X Ny)

The noisy kernel matrix:

C=K+02I =

inputs}

N training inputs (X)
N, test/prediction inputs (X,)

o2 models observational noise and
acts as a reqularizer

25



WHAT TO COMPUTE

Predictions:;

—» Function values

u=K/Cly=Kla —
> =K.,.. - KICK, —

Depend on the kernel function,
which depends on
hyperparameters

Hyperparameter optimization:
1

—> Uncertainties

L= _5( Ta+1log|C| + Nlog2r)  Marginal log-likelihood (MLL)

= - —O&— —tr

oL 1 0C 1 C
00 2 96 2

,0C
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WHAT TO COMPUTE

Conventional strategy: O(N3)

Cholesky decomposition / benchmark
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WHAT TO COMPUTE

Cholesky decomposition / extrapolation from benchmark data
Conventional strategy: O(N3)

180 : - - . 1
N
150
Extrapolated cost: - 120
. . =
1 million points = 173 days o
1 million points ~ 8 TB memory E 90 Y,
- /
=
=6l |
.-_.-"
How to reduce cost?
30 | :
0! —ct— -
1] 0.2 0.4 0.& 0.8 |

Number of points {millions)
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REDUCING COST WITH MATRIX-VECTOR
PRODUCTS (MVPs)
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GPs USING MVPs

_ —1
Cly tr(C~1(8C/00)) log |C]
Inverse-times-vector Trace terms Log-determinant
) ) Stochastic trace Stochastic trace
Conjugate gradient (CG) estimation (STE) estimation (STE) + Lanczos

GPyTorch: Blackbox Matrix-Matrix Gaussian
Process Inference with GPU Acceleration

Everything can be computed
using kernel MVPs!

Jacob R. Gardner; Geoff Pleiss;
David Bindel, Kilian Q. Weinberger, Andrew Gordon Wilson
Cornell University
{jrg365, kqw4, andrew}@cornell.edu,
{geoff,bindel}@cs.cornell.edu




CONJUGATE GRADIENT

Method for solving Cx = b when C is SPD

The algorithm (basically):

= [|nitial guess: X

« Initial residual: To = ||Cxg — b
" |teratively update guess:

X, = Xr_1 + update
Each iteration

One kernel MVP + a few dot products
r, — ||ka — b||
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STOCHASTIC TRACE ESTIMATION

Method for estimating tr(A)

The algorithm:

= Isotropic random vector. E[bb'] =1

1 ™m
= Estimate trace: tr(A) = — Zbl-_Abz-

* |nourcase: tr (C L ) ZbTC 1—b «——  Use CG for inverse-times-probe

32



LANCZOS

Method for approximating functions of Hermitian matrices

log |C| = tr(log C)

tr(log C) Z bT log(C

b; log(C)b; ~ ||b;||*e) log(Ti¢)eo

log |C| ~ Z |b;|[*eq log(T

Y

it)€0

(rewrite)

Cornelius Lanczos
(trace estimation) 1893-1974
(Lanczos)

2% 4 tridiagonal matrix
(result) obtained by ¢ iterations of
Lanczos — or modified CG.




NUMERICALLY EXACT GPs USING MVPs

Black-box Gaussian
N

Should be fast
and scalablel
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REDUCING COST WITH STRUCTURED
KERNELS

AARHUS GAUSSIAN PROCESS SUMMER SCHOOL MADS GREISEN H@JLUND
UNIVERSITY 16 SEPTEMBER 2026 POSTDOC RESEARCHER
DEPARTMENT OF CHEMISTRY

CTITIN
oF (o)

NSO,
S soLy,

>

Ysis o™

&
s o
/TR AR



COMPLETE GRIDS

n=5 grid points along each dimension
. . . . . ...o:...-....---..l .".- ,?

D=2 D = D =
N =n? =25 N =n3 =125 N =n* =625
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COMPLETE GRIDS

Separable kernel ...

— %2 D (d) _ ()
k(x,i):exp( [ X‘) Hexp( = u ) Hk(d

d=1
.. plus complete grid:
K=KVgK?g...gK®P) <« Kronecker product!
\ J
\ 4

D factors (one for each dimension)

K™ is (n xn) (asmall matrix)

Saatci (2011): Wilson et al. (2014): Gilboa et al. (2015): Flaxman et al. (2015)



KRONECKER PRODUCTS

A®B®C=[
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KRONECKER PRODUCTS

Fast matrix-vector product (MVP):

Kv=(KVgK?g- . g KP)y

(K(l) ® 1(2) R R I(D)) (I(l) ® K(2) R ® I(D)) .. (I(l) R 12 R R K(D))V
(K[llK[2 [D])
\ )
Y
Sequence of bracket matrices (nice!) —p  Complexity O(nDN) (near-linear scaling with N)
_ Z K(m) Vs _ : : L
— imm Jt1eeJm---TD Bracket matrix multiplication aka

Im | | | one-index tensor contraction

39



PROBLEMS

= Near-linear scaling with N, but exponential scaling with D

= The separable kernel

How to address both at the same time?

Number of points (millions)

L0

&l A

& 4

40

20 7

1 F 3 1 > & i

Mumber of dimensions

40
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CHOOSING THE RIGHT KERNEL

The low-order model ...

flz1,...,xp) = fo+ Zf[z](;cz) + Zf[ij](zc@-,:vj) + - -+ + ath order terms

1<J

... corresponds to an additive kernel:

k=05 + o7 Z k) 4 o2 Z kWEU) 4 ... 4+ ath order terms
i i<j

%_I

Each term is a product of 1D kernels

Duvenaud et al. (2011); Durrange et al. (2012); Lu et al. (2022); Ishida et al. (2025)
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ADDITIVE KERNELS ON GRIDS

We start by evaluating the kernel ...

1111
: N ( m (11 11
k:08+0%2k(1)+032k(1)k(3)+--- Jm=1 1] 1 (=9
0 i<j 1111
..on a complete grid:
D) 30 g...90KVg...0 JUW ... JP) = Kli (HJUC]) — Kyl
ki

FOEG) s 0 ... 9 KV .. KW ®...0 JP) = KEKL] ( H J[k]) — K] gl=id]
k¢{ig}

H ) — ( H K[i]) ( H J[k]) — K[m] y[-m]
tEm 1€Em

k¢m
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ADDITIVE KERNELS ON GRIDS

Summing up everything:

K — 2 lm]y[-m] _ 2 K[m] Jlm] Sum of Kronecker products
; 7lm ;"‘m' [1 1 ishida et al. (2025)

meEm mé&m

\ﬂ_l\_v_l

1 1 1 1
ORI S ) A
Few (at most a) Many (at least D — a) 11 1 1 =
111 1
PO R S esteveen 226 | FOSTHOCRESEARCHER
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INCOMPLETE GRIDS

We need an data structure compatible with

f(x1,...,xp) = fo+ Z flil(z;) + Z Fll(zs i) + - - Sub-functions <« sub-grids/cuts

1<J
o O O 0 C . e & O & ®
) . ® * »
) . ( . @ * @ ( ) (
) ) ( . = . =
( ) . @ * »
® 0D: () ® 1D: (1) 1D: (2) ® 2D:(1.2)
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INCOMPLETE GRIDS

. .'
T ot 0 e : * o ™ -.
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» L
»
® 0D:() ® 1D: (1) 10 (2) ® 1D:(3) ® D:(1.2) ® 2D:(1.3) ® 2D:(2.3) 3D: (1,2,3)
Include low-order cuts (up to order a) Omit higher-order cuts
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INCOMPLETE

Complete grid: N = nP

GRIDS

Exponential scaling Polynomial scaling
10" 7 - <
w 10° 4 -
= L
.E __—___
(=8
e
c [ |
=10
% |
=
£ 108 — Complete grnd
iF =13
iF =2
19" ' i i
20 44 i &0 104

Mumber of dimensions

Incomplete grid: N = O(n®*D%/a!) ~ O(D%)

100 M

1M

n = 10 grid points
per dimension
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KERNELS ON INCOMPLETE GRIDS

Complete grid + additive kernel:

— 2 [m] y[-m] _ 2 [m] [m] NxN
K = Zglle J — Zolml ( H K ) ( H J ) c RVX Sum of Kronecker products
m m

mem m¢m

Incomplete grid + additive kernel:

K=TTKT = Z gfmII‘T(K[m]J["m})I‘ c RVXN Sum of chopped Kronecker products
/ m \
Chopping matrix Number of terms is O(D%)
I ¢ RV*N

Wodraszka and Carrington (2019); Zak and Carrington (2019)
Simmons and Carrington (2023); Holzmduller and Pfliger (2021)



CHOPPED KRONECKER PRODUCTS
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CHOPPED KRONECKER PRODUCTS

|
boo Coo boo Co1 bo1 Coo boo Coo
boo C10 booci1 bo1 10 boocio
blO Coo blO Co1 b11 Coo blO Coo
T
I'A®@B®C)I =

boo Coo boo Co1 bo1 Coo boo Coo
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p— b1ocoo b1oCo1 b11¢00 b10Coo
boo Coo boo Co1 bm Coo boo Coo
500010 boo C11 b[]lcl(] boocm

How to multiply a chopped Kronecker product with a vector?




A SIMPLE MVP

Naive approach: Bv = I'TBI'V = I'"(BUBRIBBIBHBEN Iy
Example: D =5, n=3, a=2

—— |nput vector (small)
rQ

T mm mm o mm i o 1 BT I I I BT I I I 1 2]0% N
B C
o EEETE e T T wr T T s Tw e T T wrr——T—wssrwmrwm——r—wrr—r— 40.7 %
B4 C
. 70.4 %
BB C
. 100.0 %
B2 C
. 100.0 %
B C
I‘TC 1000% -

e Result vector (small)

50

Intermediary
vectors (huge)
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A FASTER MVP

Incomplete grid + additive kernel:

K=TTKT = Z gfmII‘T(K[m]J[—'m])I‘ Sum of chopped Kronecker products
Chopping matrix Number of terms is @(D%) LU-based machinery: 0(nDN) for a

single chopped Kronecker product

Existing machinery gives polynomial
scaling, but the total cost is still too large!

Wodraszka and Carrington (2019); Zak and Carrington (2019)
Simmons and Carrington (2023); Holzmduller and Pfliger (2021)



A VERY FAST MVP

Observation:
(1 1 1 1] [1 0 0 O]f1 0 0 O] 1 1 1 1]
(m) _ 1 1 1 1 _ 1 1.0 0,10 O O Of (0 1 O O _ 1.(m)p (m)7(m)
J 1 1 1 1 1 0 1 010 O O O (0O O 1 O LYRTEU
1 1 1 1 1 00 1) (0 0 0 O0f|0 O O 1
A final rewrite:
K=1 Z o2 mﬁ U Total cost O(naN) ~ O(D%)!
™ ! Near-linear N-scaling
/ v v ’ \ Polynomial D-scaling

O(aN) O(naﬁ) O(aﬁ)



BENCHMARK: D-SCALING (a = 2)

Computational scaling: 0(nalN) ~ O(D%)

a=2 — 0(D?

10* B o el o
A SN 0D, = 20 ——
10" a,x*'i,"’ | O[D*™), n=10
ff,'f . » O[D*0) 5 = 5
I : ,
1 'f,f' P Three largest tests
) . | —
e 107! o | n D N CPU time (s)
H # - |
= . dVs @ 20 409 3.03x10° 67.1
=10 ,f" . 9
> v ® 10 8192 272x10 53.1
. ) | 5 16384 2.15x10° 68.7
10} 4 -~ r :
A . |
w A
10~ L " — — il
10 1000) 10040 100K

MNumber of dimensions
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FULL CUTS-GPR CALCULATIONS

Butadiene DMSO Ethylamine Ethylene glycol Nitroethane

R X v By

Propanal Pyrazine Pyrrole Thioacetone Vinylformmamide




FULL CUTS-GPR CALCULATIONS

Optimize hyperparameters and make predictions

oL

9 =

1 70C 1. (5-19C
2% 96 % 2“(0 89)

n=K/Cly=K!«

Everything can be computed using MVPs (plus a few bits and pieces)

Computational setup:

10 molecules with 10 atoms

D =24

a=3

Training points: n =17 , N =045M
Test points: n =11, ﬁ* =1.60 M

>

(more details in the paper)
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HYPERPARAMETER OPTIMIZATION

100 | Butadiene —— Propanal —
i DMSO Pyrazine
Ethylamine —— Pyrrole —— |
= Ethylene glycol —— Thioacetone
Hoo1071 L Nitroethane —— Vinylformamide |
e C ]
-
c
Q
o p—{
I
o 1072 -
O C
1072 1 < Threshold
0 20 40 60 80 100
Iteration number
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v UNIVERSITY 16 SEPTEMBER 2026 POSTDOC RESEARCHER
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TIMINGS (36 CORES)

Optimization Predictive mean
Molecule CPU (h) Wall(h) CPU (min) Wall (min)
Butadiene 63.6 1.95 64.8 1.83
DMSO 68.6 2.15 55.3 1.60
Ethylamine 59.6 1.94 60.9 1.73
Ethylene glycol 3.7 2.25 56.4 1.65
Nitroethane 64.2 1.91 65.8 1.88
Propanal 72.2 2.16 56.3 1.60
Pyrazine 65.6 1.96 65.2 1.84
Pyrrole 67.7 2.07 64.2 1.85
Thioacetone 109.1 3.58 55.0 1.58
Vinylformamide 50.1 1.62 57.8 1.63
Mean 69.4 2.16 60.2 1.72
4 o S st Terem 2m6 | FOSTOOCRESEARCHER.
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COMPARISON WITH SVGP

i —
30 »10 i i _ & x10 i ) i _
SVGP (o = 2) —8— SVGE (w = 2) —8—
2.5 SVGP (o = 3) —® 5 . SVGE (w=3) —®
- . CUTS{w = 3) ---- . - CUTS (w=13) -—--
— ."‘-?-1'_'_--____ = H"‘\
:.i.- 15 o -l — EI-'I" 3 [ Hﬂ..ﬁ"ﬂ._ﬁ_ﬁ
| -
2 2 -
= il B
1.0 al
05 f=mmememcccccesscccees e ———————— I
|:||:| | | | 1 | - |:| L 1 1 | 1 .
[ &S00 1000 15040 2000 2500 i S0 1 (e[ 1500 2000 2500
Number of inducing points Number of inducing points
CUTS-GPR is way better and timings are comparable — no reason to use SVGP!
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SUMMARY

el High-dimensional problems and low-order models

mmm WO strateqies for accelerating GPs

mmm CUTS-GPR
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THANK YOU FOR LISTENING!
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