Bayesian optimisation
and beyond ....




Why bother with all this
probabilistic ML stuff?




To ML or not to ML?
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How can we use knowledge of uncertainty?



How can we use knowledge of uncertainty?

Let's find the maximum of a 1D function:
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How can we use knowledge of uncertainty?

Let's find the maximum of a 1D function:

Using as few function evaluations as possible!
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How can we use knowledge of uncertainty?

Let's find the maximum of a 1D function:

Using as few function evaluations as possible!
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Where should we next evaluate? Explore/Exploit?



Bayesian optimisation




Uncertainty allows us to define the expected utility of new data



Uncertainty allows us to define the expected utility of new data

Use a statistical model like a Gaussian process
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Uncertainty allows us to define the expected utility of new data

Use a statistical model like a Gaussian process
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Uncertainty allows us to define the expected utility of new data

Use a statistical model like a Gaussian process
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Uncertainty allows us to define the expected utility of new data

Use a statistical model like a Gaussian process
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Uncertainty allows us to define the expected utility of new data

We want to improve over our current best solution

Current best

Score
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Uncertainty allows us to define the expected utility of new data
What's the probability of improving ?

Current best
score
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Uncertainty allows us to define the expected utility of new data
What's the probability of improving ?

Current best

Score
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Uncertainty allows us to define the expected utility of new data
What's the probability of improving ?

Current best
score
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Automated decision-making
Demo BO loop
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Automated decision-making
| Demo BO loop
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Automated decision-making
| Demo BO loop
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Automated decision-making
| Demo BO loop
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Automated decision-making
| Demo BO loop
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Automated decision-making

Demo BO loop
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Utility functions

® U f (‘i% ) : what is the utility of evaluating *;?!; (if it will returnf )



Utility functions

o U f (‘,}15 ) : what is the utility of evaluating ’;}ﬁ (if it will returnf )

® f* Is best so far
® [as there been an improvement? U f (’iﬁ ) — ]].( >1*)
® How big was the improvement? Uf (‘,‘:ﬂ ) — IIla,X(f — fj‘:,r O)



Expected Utility Functions for GPs

o (|7 J) — IE f [Uf ( %)] : what utility is predicted by my model of f

f NN(“’} 0-2)



Expected Utility Functions for GPs

o (x| J) — IE f [Uf ( “’}‘ﬂ)] : what utility is predicted by my model of f

f NN(H’} 0-2)

2=

%)= Ef []l(f}f*)]
4

) = Eflmax(f — f7,0)]

® What the probability of improvement? ap1 (

® [How much improvement do we expect? XE] ( ¢



BO Demo 2

Bayesian optimization is a global optimizer

Bayesian optimization (global) Gradient descent (local)




BO Demo 3

Efficient coverage of the search space
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So why Bayesian Optimization?

e BO performs global optimization
e We do not need gradients or noiseless observations

e BO can optimize under a limited evaluation budget
o Simulating performance of a car engine (mins)

o Training a large ML model (hours) Increasing cost

o Synthesising a new molecule (weeks)

o Testing performance of a wind turbine in real world (months

BO: clever modelling rather than brute force!



S0 why Bayesian Optimization?

e BO D% aal opti
e We donalas

TS

o Synthesising a

o Testing performance of a winc real world

BO: clever modellig rather than brute force!



BO can do it all

e (Constraints?
e Multiple objectives?
e Multiple fidelities?

e Batch experiments?



Multi-objective Optimisation

>1 competing objectives
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Multi-objective Optimisation
What do we care about?
f1 & o 5 .. .

Pareto Front

fo




Multi-objective Optimisation

U f1,fo (%5 ): what is the utility of evaluating "}1!: if it will return (f 1, f 2)
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Multi-objective Optimisation

U fi,fo (% ): what is the utility of evaluating ’i‘j if it will return (f Ly f 2)

fit
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Multi-objective Optimisation

Uf1 ,fo (% ): What is the utility of evaluating ":E if it will return (f 1y f 2)
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Multi-objective Optimisation

U fi,fo (% ): what is the utility of evaluating ’i‘j if it will return (f Ly f 2)
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Multi-objective Optimisation
U f1,f> (%) what is the utility of evaluating ":15 if it will return (f Ly f 2)
fir oo -
L ° .~ &
L .~ O

p - Old Pareto Front
"y New Pareto Front
ﬁf. . >

fo



Multi-objective Optimisation

Uf 1,f2 (’{1‘; ): what is the utility of evaluating "}1{, if it will return (f 1 f 2)

agnvi(#) = Ep, 5 Uy, (%)

h NN(NI: J%)
f2 NN(N?: cr%)



Multi-objective Optimisation

Uf 1,f2 (%5 ): what is the utility of evaluating "}E if it will return (f 1 f 2)

agavi(#®) = Ky, 5, (Uf,7 )

h NN(NI: J%)
f2 NN(N?: J%)

agavi( ¥ ) = 777



Active learning

BO is just one of the things we can do




Active learning

Sequentially choose data that reduces uncertainty in the thing we care about

Optimization Variants =~ Multi-objective Opt. Level Set Estimation Search Phase Identification
(global, local, top-k optima) (Pareto frontiers) (superlevel set, sublevel set) (subset matching criteria) (boundaries, partitions)
) g X

)
J
o] @

Local optima Top-k optima

F F R Y

Quadrature, Integration Graph Algorithms Root Finding, Bisection Sensor Placement
(integrals, expectations) (shortest paths) (roots) (function value at locations)

Biology / microbiology (phase shift




What the BO/GP haters say



What the BO/GP haters say



What the BO/GP haters say






SVGPs: Gaussian processes for big data

Use Sparse Gaussian Processes (replace N data with M inducing points)




SVGPs: Gaussian processes for big data

Use Sparse Variational Gaussian Processes (replace N data with M inducing points)

q(f) =~ p(f|D)

ELBO(4(f) = [ a(f)logp(y|f)df — KL(a(8),p(E)



SVGPs: Non-gaussian data

Standard Gaussian Process

Y; _/\/'(f(xz), O_Z)SauletaLzma



21\ Saul et al. 2016
Y; ~ NEHeG Lo

SVGPs: Non-gaussian data |
~ N (fo(x;), el X))

Standard Gaussian Process Heteroscedastic Gaussian
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SVGPs: Non-gaussian data

yi ~ St(fo(x;),e* ) v)

Standard Gaussian Process Heteroscedastic Gaussian Heteroscedastic Student-t







Hvafner et al. 2025

. . g i Doumont et al. 2026
Gaussian processes are great in high-dim!

RBF kernels are not!



Hvafner et al. 2025

. . g i Doumont et al. 2026
Gaussian processes are great in high-dim!

RBF kernels are not!
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Hvafner et al. 2025

. . g i Doumont et al. 2026
Gaussian processes are great in high-dim!

RBF kernels are not!
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Hvafner et al. 2025

. . pe i Doumont et al. 2026
Gaussian processes are great in high-dim!

RBF kernels are not!
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Hvafner et al. 2025

. . pe i Doumont et al. 2026
Gaussian processes are great in high-dim!

RBF kernels are not!
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Hvafner et al. 2025

. . pe i Doumont et al. 2026
Gaussian processes are great in high-dim!

RBF kernels are not!
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Gaussian processes are great in high-dim!

The completely ndepesdart goide o Belgan hrewng.
over 1300 Belgian beers plus $05 great places Is ¥y Bem

GOODBEERGUID!

BELGIUM

JOE STANGE = TIM WERE




Gaussian processes are great in high-dim!

® Type of fermentation (wild yeast?)

® Strength
® Brewed by a monk?

® Barrel-aged?

The completely indepesdsnt goide o Belgan brewng.
over 1300 Belginn beers plos 503 graat places Is ¥y Rem

GOODBEERGLUIDI

BELGIUM

JOE STANGE = '™ WEBE




Additive rather than multiplicative kernels?

k() =e ot
d

e




Additive rather than multiplicative kernels?

d
E(x.y) = e lx=y11? ki(x,y) = Z ki (i, vi)

d z
Hki(fcinyi) i
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Additive rather than multiplicative kernels?

b, y) = ¢ o




Additive Gaussian Processes

@ @ @

1<
| - * | 0 f/s
Ist order interactions 2nd order interactions 3rd order interactions All interactions
ki + ko + k3 kiko + koks + k1ks kikoks

(Squared-exp kernel) (Additive kernel)

(Duvenaud et al 2011)



(Duvenaud et al 2011)

Additive Gaussian Processes

@ @ @
k(z,y) = ko + D kiwi,ui) + > kilwi, yi)k;(25.9;)

1<J

F&)=fo+ Y filz)+ > fijwi,z;)

1<]



High-dimensional Gaussian Processes
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Complexity Scaling in D, 1000 data points
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Dimensionality
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Our method
Scaled /

Global GP,
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Local GP
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Kernel
Cylindrical
Kernel

REMBO
Embedding
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2

Hvafner et al. 2025

log |I + 0= K]|,



Bayesian optimization in the age

of GenAl




You know 1t when you see it
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You know 1t when you see



Standard BO

max f ()



Standard BO

max f ()
: P(C(x)=0) >t



Standard BO v.s.  Structured problems

max f(z) max f(z)

: P(C(x) =0) >t . P(C(z) =
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Priors over “Highly Structured” spaces

/q)

Decoder
(probabilistic)

\

P(z) = Ny (0, I,) P(x) =777

VAE / Diffusion / Normalising Flows e.t.c on unlabeled data



Richards et al. 2022

Priors over “Highly Structured” molecule spaces
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How do we “condition” GenAl models?

e Train conditional model (expensive, requires specificity)
e [ine-tuning on the fly (still expensive / fragile)
e Model-specific (e.2. guidance for flow-matching)

e BOin the latent space (exploit locality)



LATENT SPAGE BO

Search space = latent space

(a) (b)

SMILES input

ENCODER
Neural Network

CONTINUQUS
MOLECULAR
REPRESENTATION

(Latent Space)

Continuous variable
representation for:
Neural Netwrork « Interpolation
Most Probable Decoding .. .
argmax p{*iz) . Dptlmlzatlﬂﬂ

* Exploration

SMILES output

Gomez-Bombarelli et al. 2018



Not just for VAEs
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Not

u2

just for VAEs

0.8
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Round 2 — GP Mean
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Not just for VAEs



http://drive.google.com/file/d/1CXq2CI0YgDRO-k4LaI9uvmrZMa2eE-LT/view
http://drive.google.com/file/d/1kDT9XpNiLIsfZ24OhvxmWyjZeDZWhzTt/view
http://drive.google.com/file/d/1K45-ZXRQnDv9gFs_i0NOQUfi9U1RW827/view
http://drive.google.com/file/d/1dxXn3tF0funYz5afn2wT1JPEQky6QFid/view
http://drive.google.com/file/d/1PhbC0G-VXDanfb3s1NOIphj5BysHCz3f/view

Latent space BO is orthogonal to guidance

Ours (EI) Guided Sampling

Prompt B: “Three cats and one dog
sitting on the grass.”

CLIP Score
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<
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1.8 |

Prompt A
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me== Qurs (TS)

Prompt B
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Ours (EI) Guided Sampling

BO inside stable diffusion

Ours (EI)

Guided Sampling

Prompt E;,“Thfe‘i g and one dog Prompt A: “Photo of an athlete cat explaining it’s
sitting on the grass.” ’ . "
SIETE e latest scandal at a press conference to journalists.



Why is Latent space BO hard?

e High-dimensionality (N<<D)
¢ Not all latent encode nicely (typicality)

e Must make fast decisions

interpolations
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Generative modelling for

Gaussian processes




Knowledge




Teaser
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Teaser
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1) Why are generative models so good now?

4l -
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o bw |
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Variational Autoencoder Diffusion



1) Why are generative models so good now?
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Variational Autoencoder (1 step) Diffusion (many steps)



s this enough?




s this enough?




We need controlled generation (“conditional”)




Chung et al 2023, Sabour et al 2026.

2) Why are generative models so good now ?

Denoiser
(1-step)

Can roughly look ahead



Chung et al 2023, Sabour et al 2026.

2) Why are generative models so good now ?

t=1.0 M,

Noised

Denoiser
(1-step)

> Vylly = ARo)I3

Can roughly look ahead So can do “guidance”



Chung et al 2023, Sabour et al 2026.

2) Why are generative models so good now ?

t=0.0 t=0.05 t=0.1

MZ
Noised My
Let's do this for Gaussian Mo
Denoiser - processes!
(1-step)

—> Vylly — ARo)II3

Can roughly look ahead So can do “guidance”



Overview

1. Aniterative (but over-the-top) way to sample from a GP



Overview

1. Aniterative (but over-the-top) way to sample from a GP

2. Guidance from genAl allows conditioning



Overview

1. Aniterative (but over-the-top) way to sample from a GP

2. Guidance from genAl allows conditioning

3. Sampling from GP + any additional constraints via solving an ODE



Overview

1. Aniterative (but over-the-top) way to sample from a GP

2. Guidance from genAl allows conditioning

3. Sampling from GP + any additional constraints via solving an ODE

No neural networks required!



A Gaussian Process Primer

f() ~ ./\/(m*, K**)




Sampling a Gaussian Process (one step)

z ~ N(0,1)

f() <— m, + KiiQZ



Borovitskiy et al 2023.

Sampling a Gaussian Process (one step)




Sampling a Gaussian Process in many steps (ours)

fi = ®(t,z) :=b(t) + At)’z, te][0,1]

At) = ?()Kus + (1 — 2(t))L,, b(t) :== a(t)m,



Sampling a Gaussian Process in many steps (ours)

fi = ®(t,z) :==b(t) + A(t)?z, tel0,1]




Sampling a Gaussian Process in many steps via an ODE

df

dt

= 0(fi,1) =~ BOA®) 'b(O) — B(0) (In — AW) ") i, t€(0,1]

B(t) = 224

a(t)




Sampling a Gaussian Process in many steps via an ODE

Tt = v(furt) =~ BUOAM) B(E) — 280) (In — AWD) ) fir t€[0,1],

t=0.11 t=0.02 t =0 (final)

| | LA | AT A [ I PR / I /
0.0 0.5 1.00.0 0.5 1.00.0 0.5 1.00.0 0.5 1.00.0 0.5




This is a stupid thing to do

e Same order complexity in N ...
e More expensive than standard sampling ....

e ODE is an additional source of error ...




Perhaps not a stupid thing to do

e We have an iterative generation process
e We have a 1-step denoiser (via flow map)

e Let's apply principles of guidance (training-free guidance)



FLOWGP: Sampling GPs under non-linear and non-Gaussian conditioning

p(fo | D,C) OCg(fo)p(D | fol p(C | fo),

x p(fo|D)

° D denotes information that admits a linear closed-form Gaussian update

o C denotes non-linear / non-Gaussian contributions



FLOWGP: Sampling GPs under non-linear and non-Gaussian conditioning

p(fo | D,C) OCg(fo)p(D | fol p(C | fo),

 p(folD)

° D denotes information that admits a linear closed-form Gaussian update

o C denotes non-linear / non-Gaussian contributions

dfe _

9 v(fi,t | D) — —5( )V, logp(C | ft, D)




Example conditions

C = {is fo monotonic and bounded }
C = {does fy satisfy an OD:




Accurate approximation of the conditional score

p(Clf) = / 2 Clfo)p(fol f)dfo
L A
Tikelibood  tractablel!



Accurate approximation of the conditional score (nice for us)

p(Clf) = / 2 Clfo)p(fol f)dfo
L A
Tikelibood  tractablel!

Unlike diffusion/flow-matching, our joint distribution is tractable



Sampling from a GP (whitened)

“The most efficient thing to do with a computer is
nothing”




Sampling from a GP (whitened)
df 1
d_]; = UM) + §ﬁ(t)vﬁ, log p¢(C| f¢)

'6_5\*!, “The most efficient thing to do with a computer is
g nothing”




Sampling from a GP (whitened)




Sampling from a GP (whitened)

0.5 0.5







value

Nonlinear damped pendulum

@ Conditioning Points

0.0 0.2 0.4 0.6 0.8 1.0
time
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2d physics
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-~
0 & 8 o5EE
T X
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0.0 0.5 1.0

S o8
4 4
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(b) FLOWGP enforcing an Allen—Cahn equatlon constraint: 6f = s% +5f—5f3

'S 05 4

& 0 3 .0 \&g/

—25 9=, —0.5 S~
t

(c) FLOWGP enforcmg a Burgers’ equation constraint: a{ + uaf = 1/#

o




Stationary Allen-Cahn CLf — bfg — CAf =0

t=1.0000 t=1.0000

3]
A E1 T

| Nn—witened  whitened



Any questions?

henry.moss@lancaster.ac.uk for collaborations / PhD / Postdoc opportunities



mailto:henry.moss@Lancaster.ac.uk

Gaussian Process in Spatial Stats

Gaussian process
Smooth, light tails
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Cauchy Convolution Process in Spatial Stats

Cauchy convolutnon Samples
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